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ABSTRACT
Subcritical crack growth is associated with the situation where
energy supplied to create new fracture surfaces is sufficiently low
and slow. The local material has ample time to deform plastically,
further reducing the available energy to drive the crack. Discretiza-
tion of this growth process necessitated in analytical modelling in-
volves assigning the same threshold level to a finite segment of local
elements. This results in the so-called "overshoot" phenomenon because
the elements nearest to the crack would be strained abov~ and beyond
the critical value due to the rapid elevation of the local stress and/
or energy. The effect can be minimized by taking smaller crack growth
segments but cannot be completely removed in analyses nor in experi-
ments where the load increase is also not completely continuous.
This work is concerned with the analytical modelling of subcritical
crack growth in an elastic-plastic material with overshoot taken into
account, the amount of which would depend on the fracture toughness,
specimen size and loading step. Included in the analysis is also the
energy dissipated by plastic deformation under isotropic and kinematic
hardening. What has been found can be summarized as follows:
o The amount of subcritical crack growth decreases with increasing
specimen size and could be overestimated by a \1ide margin if overshoot
in crack growth is not accounted for.
-1-
o Smaller critical crack length is predicted when smaller load
steps are taken and overshoot is included~ in the analysis.
o Tougher material could sustain a larger size crack before fracture
instability. The critical load to trigger past fracture increases w~th
increasing fracture toughness but would be less .With overshoot.
In general, the load versus crack growth relations with and without
overshoot are obtained; they represent the upper and lower bound solu-
tion such that the experimental data would fall in between.
-2-
I. INTRODUCTION
Numerous attempts have been made during the post World War II per-
~
iod to develop a means of description of the process of fracture that
could be used to predict the structural component behavior from that of
simple laboratory tests. Such an approach clearly contributes to the
economy of testing smaller specimens in contrast to that of larger size
structural members being less practicable. This discipline now known
as fracture mechanics for the most part has revolved around associatin~
the driving force with the resistance of the material to fracture.
Within the ideal framework of linear elastic behavior of the crack
where no energy would be dissipated other than that used to create new
fracture surface, it is possible to determine the condition correspond-
ing to the onset of rapid fracture. It would necessarily involve a
system with sufficiently high constraint such that energy could be re-
leased quickly within a short time in the form of sudden fracture. Ap-
plications of this so-called LEFM (linear elastic fracture mechanics)
approach can be found in [lJ. When a system contains redundancy, crack
gro\vth may occur in a subcritical fashion and may cease all together if
the load is not increased any further. The limitations of LEFM become
more obvious as the period of-subcritical crack growth is extended.
While countless contributions have been made to account for slow crack
growth as attributed to elastic-plastic material behavior, most of the
approaches are as yet more empirical in the \vays of inteqratinq contin-
uum mechanics theories and fracture criteria.
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The term EPFM (elastic-plastic fracture mechanics) was coined [2J
to distinguish ductile fracture from brittle fracture addressed by
LEFM. There were the general tendency to address o~material being
tougher than other as load to fail a specimen increases when accompa-
nied by inelastic deformation. It was not at all clear how the behav-
ior of a slowly growing crack with plastic flow could be described by
the equivalent of a single parameter such as Klc in LEFM. A critical
review of the fracture toughness concept was made in [3,4J to e~phasize
that Klc could represent the terminal point of subcritical crack
growth. Plastic deformation may enhance slow crack qrowth and delay
the onset of global instability. What really counted was to sort out
the portion of energy dissipated in subcritical da~age from that is
still available for release. The J-concept [5J and dJ/da condition [6J
associated with crack growth though widely used in different context
[7J emerged and accepted by many as the need for describing ductile
fracture became urgent. Applications of these ideas is not uncommon
in the open literature even after more than 20 years. Refer to [8-11J
for more detailed discussions on the problem of elastic-plastic frac-
ture mechanics.
There are three basic events associated with the process of ductile
fracture. They include crack initiation, growth and termination and
should be addressed as a entity usinq a single criterion. No room is
allowed for incompatibility between yield and fracture. Those schemes
that select yield criterion divorced of fracture criterion leave much
to be desired. Otherwise, too much arbitrariness enters the analysis
-4-
and the outcome could always be made to match test data. It is not at
. all surprising that fracture mechanics as a supplement to the more gen-
eral description of material damage would remain incomplete until the
fundamentals of mechanics and physics of solids are cleared. By then,
there would be no need for a separate discipline to address fracture.
With all that have been said, this work represents a continuation
of the past efforts [12-24J on subcritica1 crack growth; it further
promulgates the subtleties hidden in the process of analytical mode1-
ling. As each increment of crack growth is determined from an assumed
critical threshold corresponding to a metastable state where failure is
impending but has not yet taken place. The energy required to drive a
crack must unavoidably be in excess to that at the critical state. An
"overshoot" thus prevails depending on the specimen compliance and rate
at which the load is increased. This seemingly obvious behavior when
included mayor may not lead to better aqreement of theory and experi-
ment because the correction would tilt the balance on other factors not
accounted for that would have otherwise compensated the effect of Dver-
shoot. Energy dissipated due to shear lip formation in experiment,
acoustic emission, etc., are neglected in a two-dimensional crack model
tend to reduce the excess available energy for overshoot. Neverthe-
less, an upper and lower bound could be established by considerinq
crack growth with and without overshoot. -~-
Analyzed in what follows would be an overestimate of the effect of
overshoot. Different specimen size, material type and loading steps
-5-
would be considered. Stress/strain and energy density states are ob-
tained by using the incremental theory of plasticity where the yield
surface has the freedom to expand and translate. The critical energy
state is defined from the energy available at each load increment and
it is path history dependent. As the crack grows, the finite element
grid pattern must be remeshed for each load step. Crack growth resist-
ance curves are also developed by application of the strain energy den-
sity criterion [25-27J. They are known as the SR-curves that optimize
specimen size, material and load for determining thee critical crack
size and are particularly useful for establishing defect acceptance
standards and the limitations of non-destructive inspection. The new
findings on crack growth with overshoot calls for a reexamination of
previous measurements. Attention should be given to correlatinq the
crack path markings with change in loading steps.
-6-
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II. SUBCRITICAL CRACK GROWTH
Subcritical crack growth can occur under monotonically rising or
varying amplitude loads. The interim period of crack initiation and
termination determines the tolerances of a structural component to de-
fect., Safety and reliability requirements call for the assurance that
defects do not spread to a size rendering the structure to fail as a
whole. Realistic modelling of the subcritical crack growth process is
therefore a prerequisite to the establishment of desiqn guidelines.
2.1 Critical Threshold
The concept of a critical threshold is useful to distinguish the
incipient state of a material or component before and after failure.
The failure envelop in Figure ?-.l would describe the critical uniaxial
stress and strain states (O,E):
at which failure would be impending. Anticipated failure, however,
would not occur until Pl reaches P2 for the stiff specimen and ql
reaches q2 for the soft specimen. Assumed is that failure would con-
tinue to prevail at constant stress after crossing the failure enve-
lop. The discrepancy 60 or 60 represents the amount of overloadp q
being clearly dependent on the specimen compliance (the reciprocal of
stiffness). Overload, therefore, is a sufficient condition for failure
occurrence.
-7-
Failure envelop: Y = Yc(o,€)
T
~op Stiff specimen
~
1
~
w
~
+J
~ L q2
60q-;-
specimen
/
a
Figure 2.1.
Strain
Influence of specimen compliance on overload.
2.2 Idealized Energy Release
A review of the Griffithls energy release rate concept [28J is in
order. For a finite crack of length 2a in unit thickness plate, the
statement
\W(a+6a) - W(a)\ ~ 4~ay (2.2)
applies to incipient fracture if the equality sign were used. Fracture
occurs only when the supply energy difference \6W\ is qreater than the
material IS resistance to fracture 46ay with y being the specific frac-
ture energy. This corresponds to applying the inequality sign in equa-
-8-
tion (2.2). If Gc is defined as the energy released for one of the
crack tips to extend an amount 6a, then
G
c
= 2y = llim JW(a+6a)-W(a) ,_
2 A 0 6aua-+ .
(2.3)
Equation (2.3) defines the ~~~antaneouo energy release rate and in-
volves no overshoot in the limit as 6a -+ O. This is illustrated in
Figure 2.2 which shows the decay of energy density with distance ahead
of the crack tip. The regions LO and LO represent, respectively, the
>,
+J
V1
C
OJ
""0
>,
en
s...
OJ
c
w
I
0
Crack
~M~
Fi gure 2.2. Enel'gy decay ahead of cl'ack ti p.
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energy above and below the critical state. The former contributes to
the overshoot crack growth barring from other forms of energy dissipa-
tion and the latter would be the amount needed to extend the crack an
amount ~a. In the limit as ~a ~ 0, the region L
o
~ O. That is, ~e
energy for overshoot tends to vanish. The Griffith's definition of en-
ergy release rate cannot realistically address subcritical crack·
growth; it represents a go and no-go situation dependinq on whether the
G in a given system is larger or smaller than G as defined in equation
c ~j
(2.3) .
I
Crack
f--
Plastic enclave
Prospective
~4-----~---crack path
Figure 2.3. Plastic enclaves around a macrocrack.
2 0 3 Initiation/Growth/Termination Criterion
Fracture is a process involving the complete separation of a mate-
rial by the creation of two new surfaces. It consists of three stages:
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crack initiation, subcritical or slow growth, and final termination.
Since they are one of the same process, their features should be
assessed using a single criter~on in order to observe consistency. As
of this date, only the strain energy density criterion [25-27J can si-
multaneously address initiation, growth and terminationo The three ba-
sic hypotheses of the criterion can be stated as
o The location of fracture initiation is assumed to coincide with
the maximum of minimum strain energy density function (dW/dV)~~~,
and yielding with the maximum of maximum strain energy density
function (dW/dV)~:~.
o Failure by fracture and initiation is assumed to occur when
(dW/dV)~~~ and (dW/dV)~:~ reach their respective critical values,
say (dW/dV)c and (dW/dV)y.
o Crack or yield growth increment r l , r 2, etc., is governed by
d\~ dW Sl S2 S. S S(dV)c or (crv)y = -- -- = --l= = ~or -1 (2.4)r l r 2 r. r ryJ c
Unstable fracture or yielding is 'assumed to correspond with
(dW/dV)c and (dW/dV)y equal, respectively, to Sc/rc and Sy/ry .
Here, r
c
and ry are the materials ligaments that identify the on-
set of instability by unstable fracture and yielding.
Limiting the discussions to failure by fracture or crack growth, it
suffices to compute (dW/dV)c from the area under the true stress and
-11-
strain curve. The expression in equation (2~4) at incipient fracture
relates (dW/dV)c to Sc through r c • Alternatively, Sc. can be determined
independently from fracture toughness testing since Sc is connected
\'/i th Kl c:
(1 +\> )( 1-2\> ) Kfc
Sc = 21TE (2.5)
The procedure outlined by ASTM [28J for measuring Klc applies equally
well to Sc.
2.4 Available and Dissipated Energy
Referring to the two-dimensional crack plasticity model in Figure
2.3, the material off to the sides of the crack could be extended be-
yond the yield limit forming two plastic enclaves [3,4J. A core region
of radius r
o
around the crack tip defines the resolution of the macro-
scopic continuum mechanics analysis. Effect of material microstructure
on the state of affairs immediately next to the crack tip will be ex-
cluded [29J.
Load I '1C.;~d2J)JCJlt Vcpcndcnc.y.
"
Since load increase is not a continuous
and smooth process, the end results would depend directly on how the
load steps are selected. Referring to Figure 2.4, the step from p to c
\vith DO as the final load step involves the release of energy pgcf as
c
a particular element becomes critical. The size of this area depends
on DOc' In genel'al, the volume enel'gy density d\~/dV for an element,
say A, in the plastic enclave as shown in Figure 2.3 may contain t\vO
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Figure 2.4. Schematic of true stress and true strain curve.
parts:
(2.6)
The portion cpq or (dW/dV)p is used in plastic deformation while the
*amount pqg or (dW/dV) is available to do further damage. The propor-
*tion (dW/dV) /(dW/dV)p changes with each step of loadinq. Keep in mind
that the damage in the plastic enclave increases with load. The total
available energy prior to reaching the critical state "C " \'JOuld be the
*area pgcf plus pqg. Let this be denoted by (dW/dV)c which can be ob-
tained as
*(~)c =
-13-
(2.7)
where
(2.8)
*with Ef being the final strain at f. The quantity (dW/dV)c varies not
only with load step or time but it depends on the current crack size,
say a, and distance r from the crack tip as defined in Figure 2.3.
V~abte V~v~ng FOh~e. A longer crack corresponds to a specimen
having a smaller uncracked ligament for storing available energy and
*hence (dW/dV)c would decrease with increasing crack size. Plastic de-
formation tends to intensify with decreasing r, i.e., (dW/dV)p in-
*creases with decreasing (dW/dV)c as the crack tip is approached. This
*trend of decreasing (dW/dV) with increasing crack size a and decreas-
c
ing distance r, is exhibited in Figure 2.5. For a fixed crack size,
*(dW/dV)c would increase with the distance r as displayed in Figure 2.6 ..
What should be emphasized is that the available critical energy to
drive the crack depends on the crack length to specimen width ratio and
should obviously be different for each crack growth increment. This,
in retrospect, provides the explanation why ductile fracture could not
be characterized by the critical value of a single parameter such as
(dW/dV)c (or Klc ) shown as the dotted line in Figure 2.5.
2.5 Overshoot in Crack Growth
For a finite segment of crack growth, elements along the prospec-
tive crack path would unavoidably be loaded beyond the critical thres-
-14-
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hold. This can be best seen from Figure 2.7 for the jth segment of
crack growth. The predicted segment of growt~ r j is determined from
*the intersection of the dW/dV and (dW/dV)c curves at c. Clearly, the
elements along r
o
< r < (ro+r j ) .are stressed beyond the critical level.
Crack
Vl
c:
<lJ
v
.---
o
:>
,,'
/
/
IS.
I J
I I
1/
I
()
Distance r
Figure 2.7. Correction on crack growth due to overshoot.
There would be excess energy I~
difference between (dW/dV)c and
available to overdrive the crack. The
*(dW/dV) represents the amount dissi-
c
pated by plastic deformation and is not available for driving the
crack.
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By equating sj to Lj or the two shaded areas in Figure 2.7, the
amount of crack growth overshoot can be found as
j = 1,2, etc. -(2.9)
I
The subcritical growth condition in equation (2.4) must, therefore, be
understood such that
** 0s· = s + s. + S.,J 0 J J and
o
r. = r + r. + r·J 0 J J (2.10)
in which the quantities without the superscripts correspond to no over-
shoot. Hence the quotient (S + S. + S~)/(r + r. + rJ~) would be as-
o J J 0 J
sumed unchanged during crack growth. Note that So is the area r
o
*x (dvU dV )c .
An equivalent crack growth model correcting for overshoot can thus
be proposed as depicted in Figure 2.8. As the crack tip enters into
the overshoot region, the energy density level would be elevated from
the curve ml m2 to the curve nl n2 established by equating the areas of
the two shaded portions. Crack growth of the amount (r j + rj) is as-
sumed to occur at the critical level and a modified dW/dV decay nl n2
is established.
2.6 Upper and Lower Bound on Load Prediction for Metals
Validation of the proposed methodology for characterizing subcrit-
ical crack growth lies in predicting the load versus crack extension
relation from the uniaxial data. As the two-dimensional analytical
-17-
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Figure 2.8. Equivalent crack growth model.
crack model is only an approximation of the actual test specimen, cor-
rections made on crack growth overshoot mayor may not lead to better
agreement with measured data. Effects such as necking in the specimen
*thickness direction, energy dissipated acoustically, etc., that would
have otherwise compensated the additional crack growth in overshoot
would now show up as deviations between analysis and experiment. An-
ticipated in Figure 2.9 are the upper and lower bound prediction on
load for metal specimens while the experimental curve would lie in be-
tween depending on how the various energy dissipation mechanisms would
trade off.
*Refer to [30J for the case of triaxial plastic flow around a crack in
a finite thickness plate.
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Of-interest is the previous work in [31J on polycarbonate where the
load versus crack extension response was derived using the theory of
plasticity in conjunction with the strain energy density criterion.
Even without correcting for crack growth overshoot, the theory over-
estimates crack growth, Figure 2~10. Plasticity theory may have left
out other mechanisms of energy dissipation in the polycarbonate materi-
al resu1ting in an overestimate on the crack driving force. These in-
terpretations are speculative and subject to further examinations.
2.7 Energy Density Criterion with Overshoot
To summarize, the subcritical crack growth condition in equation
(2.4) should be modified to read as
* * * *
* Sl 52 S. Sc(dH) J _ (2.11)=
----:J< - ~- = ----:J< - =
----:J<dV c
r l r 2 r. rJ c
* *in which 5. and r· are given in equation (2.10). In equation (2.11),
J J
*r
c
is the critical ligament of material separation at incipient frac-
*ture. The difference between (dH/dV)c and (dH/dV)c is the enerqy dis-
sipated by plastic deformation as stated in equation (2.7F. If the
*(2.5) would be replaced by 5c such that
*and r· -+ r.
J J
Sc in equation
*S· ~ S.
J J
mation,
o 0amount of overshoot is negligible, then S. « S.; r. « r
J
.; and hence
J J J
in equation (2.10). As a result of plastic defor-
(1 +v) (1-2v) Kyc
2-;;E (2.12)
-20-
What plasticity does is to reduce the available energy that would trig-
ger the onset of rapid fracture. What equation (2.12) implies that the
onset of rapid crack extension in ducti~e fracture is no longer precise
*because Sc is a function of crack length. As the crack length in-
creases in a finite width plate. the unbroken ligament size would de-
crease and store less energy for the "triggering of unstable fracture.
*Variations of Sc with crack length will be discussed in Chapter IV for
a specific example.
-21-
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/
III. ELASTIC-PLASTIC FINITE ELEMENT FORMULATION
When the uniaxial macrostress and macrostrain curve becomes non-
linear for a metal, the material is said to have yielded such that it
undergoes permanent change. This effect is particularly significant in
regions close to the crack tip and can greatly affect the crack growth
behavior. It depends on the local strain rate as dictated by the ap-
plied load and response of the material. To this end, the incremental
theory of plasticity will be applied in conjunction with the finite el-
ement approach where the continuum will be discretized into finite do-
mains. What should be kept in mind are approximations arising from the
combination of continuum theory, the discretization process and numer-
ical computation; the source of inaccuracy is not always easy to trace
and often remains not known. It is worthwhile, therefore, to know the
underlying assumptions in the computer program [32J leaving no room for
uncertainties.
3.1 Variational Formulation
Numerical solutions to continuum mechanics problems can be facili-
tated by seeking the displacements or velocities at discrete number of
locations instead of solving a system of partial differential equations
which could encounter overwhelming difficulties. This can be accom-
plished by minimizing an energy quantity known as the functional of the
system. Such an approach is referred to as calculus of variations.
-22-
It is assumed that for sufficiently s~all vartaJions of the veloc-
ities ov. that satisfy the boundary conditions while the rate of
1
stresses (}ij remain constant, those which satisfy the equilibrium con-
ditions would make the functional
n = fA ~.. ~ .. dV - f~ T.v.dL
Jl lJ lJ ~ 1 1
a minimum, i. e.,
on = 0
In equation (3.1), E.· are the rate of strains and
lJ
.
T· = (}··n.
1 1 J J
(3. 1)
(3.2)
(3.3)
with nj being the components of the unit normal vector to the surface
L. Body force is assumed to be zero. Equation (3.1) may be put into
equation (3.2) to yield
.L ~ .. o~ .. dV - f T.ov.dL = 0
Jl lJ lJ L l 1 1
(3.4)
Here, I l denotes that portion of L on which Ti are applied while oV i
= 0 on L2 where vi are applied. Refer to Figure 3.1.
-23-
2: 2: v specified ----_--1
E m nt
i = 1 2 3, .. n
e !I.
~
• '\ 1e e
Volum
T
Figure 3.1. Schematic of discretized continuum.
3.2 Discretization in Space and Time
Instead of seeking a solution that would be continuous in the space
and time variable, all functions would be referred to discrete points
in space and intervals in time. In Fi~ure 3.1, the continuum would be
divided into finite number of small elements connected by nodes i = 1,
2, ... ,n.
locities
Now if U. denote the velocities at these nodes, then the ve-
J
v. as a function of (x,y) can be obtained as
J
n
v. = I N.(u.).
J i=l 1 1 J
(3.5)
in which N. are known as the interpolation functions that map the val-
l
ues of vj onto a finite number of nodal points. Similarly, the same
could be done for the strain rate components. The matrix form {~} is
-24-
given by
(3.6)
where
aN.,
0
ax
,
aN.
[B] = 0 , (3.7)ay
aN. aN., ,
, -
ay ax
Equation (3.4) when written in matrix becomes
(3.8)
where { }T denotes transpose of the function. The rate of stresses and
strains are related through [Dep]' i.e.,
(3.9)
Substituting equations (3.6) and (3.9) into equation (3.8), there re-
su1ts
(3.10)
-25-
since {ou}T t O. Equation (3.10) applies to one typical element in A.
Summing up all the elements, the governing equation can be written as
The stiffness matrix for the entire system would be
(3.11 )
and
[KJ L fA [BJT[DepJ[BJdV
all elements
(3.12)
(3.13)
The major effort in the finite element method is to evaluate the stiff-
ness matrix which will be discussed subsequently. The specific form of
[DepJ would depend on the constitutive relation.
3.3 Isotropic and Kinematic Hardening
The matrix [DepJ will be derived for non-radial loading i~ the
stress space. This would involve isotropic and kinematic hardening, a
behavior that best models the elastic-plastic deformation of metals.
Depending on the loading and geometry in addition to the material, the
non-linear deformation ahead of a crack could, in general, involve the
*expansion (isotropic hardening) and translation (kinematic hardening).
*Contraction would correspond to isotropic softening.
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Such a combined behavior was discussed in [33,34J and will be modelled
in [DepJ for the computer program [42J. The derivation follows the
work in [35J.
Yielding. Suppose that yielding of the material is governed by
f(o .. ) = alJ (3.14)
If the material is initially isotropic and follows the von Mises yield
condition, then
(3.15)
with °0 being the uniaxial yield stress and Sij stand for the devia-
toric stresses
s .. =lJ (3.16)
Assuming that the total rate of strains E·· could be reqarded as thelJ
·e ..p
sum of an elastic part E·· and plastlc part E··, i.e.,lJ lJ
E· •
1 J
= • e . PI
E· . + E· .lJ lJ (3.17)
It is well known that the elastic strain rate and streSs rate relations
for an isotropic and homogeneous material are given by
-27-
·e 1· \I.
E·· = -2 [0 .. - -1+ °kko.. JlJ II lJ \I lJ (3.18)
with II and \1- being, respectively, the Sh~dU1US and Poisson's ra-
tio. The plastic strain rate could be represented by the flow rule
[36J:
•P
E ••
lJ
= A. af
dO ..
lJ
(3.19)
.
Here, A. is a scalar function.
Load Vependen~y. As the load is increased, yielding of the mate-
rial would no longer depend on the stresses but also on the plastic
strains E~j' i.e.,
f(o .. , E~') = 0
1J 1J (3.20)
The hardening rule describes how the load-dependent yield surface is
affected by the plastic strain. If a. .. denote the VtaI1-6tCLtiOI1 of the
lJ
yield surface center and the function q describes isotropic expruwiol1
Oft ~o'U/'taetiol1 of the yield surface, then both isotropic and kinematic
hardening are said to have been included. A more specific form of
equation (3.20) is
f = F(o~.) - q(E~.)
1 J 1 J
such tha t
-28-
(3.21)
*0 •. = 0 •. - (l ••lJ lJ lJ
Equation (3.21) may take the same form as equation (3.15):
provided that
* * 1 *Sij = °ij - 1°kkOij
(3.22)
(3.23)
(3.24)
*In equation (3.23), 0e is the equivalent current uniaxial yield stress
that measures the radius of the expanded and translated yield surface
*while Ee is an equivalent plastic strain that governs the process of
isotropic hardening.
·t·o 'pExpal1-6-<.on and TJtal1-6fmon. If E •• and E·· are portions of E·· as-lJ lJ lJ
sociated with translation and expansion of the yield surface, respec-
tively, then
. p ·t '0
E·· = E·· + E··lJ lJ lJ (3.25)
The proportion of ~? and ~~. could be expressed in terms of the param-lJ lJ
eter B such that
'0
E· .lJ
~. P
bS· . ,lJ
·t 'p
E:'· = (l-s)E: ..lJ lJ
-29-
(3.26)
where -1 < ~ ~l. Note that S can also be negative as in the case of
isotropic softening.
*The rate of translation of yield surface can be assumed as [34J:
a· .lJ
= c~ af - c· t =1\.-- E ••
acr. . lJlJ
.p
c(l-sh· .lJ (3.27)
where use was made of equation (3.19). The rate of expansion depends
on
(3.28)
*The quantity H is a plastic modulus related to the expansion of the
yield surface. For a J 2 material, the effective plastic strain is
(3.29)
From the first of equations (3.26), the rate of effective plastic
strain associated with isotropic hardening is
(3.30)
Sc..aJ'..a,'t FWlcUOI1. The inverse of equation (3.18) is given by
*Another choice would be to assume a .. to take place in the direction
* * lJ
of crij [37J, i.e., aij ~ crij·
-30-
(3.31)
Making use of equations (3.17) and {3.19), equation (3.31) may be ex-
pressed as
(3.32)
because equation (3.21) gives 3f/30k~.= 3F/30k~' Differentiating equa-
tion (3.21) v/ith respect to time, it is found that consistency of plas-
tic flow requires
3F 3F .f = -- 0·· + -- Ct··30ij lJ 3Ctij lJ (3.33)
With the aid of equations (3.19), (3.27) and (3.29), equation (3.33)
becomes
3F
-- 0·· -3o.. lJlJ
c(l-S)~ >.~ - s!sL ~ I~ _F F_ = -030 .. 30 .. dE 3 30 kn 30 knlJ lJ e ~ ~ (3.34)
Knowing that 3F/3Ct .. = -(3F/30 .. ) because of equation (3.22). The sca-
1 J 1 J
lar function ~ can thus be solved from equation (3.34) and put into the
form
=l~ Ce EA g 3o .. ijkt kt
lJ
such that g is given by
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(3.35)
E.e.cv.,tic.-P.f..Mtic. Sbte.6.6 and Sbuu.n ReJ:cttion.6. Substituting equa-
tion (3.35) into (3.32), the elastic-plastic stress and strain rela-
tions can be written as
CJ· •lJ (3.37)
in which C~jk£ are given in equation (3.31) and C~jk£ in equation
(3.37) are
(3.38)
Note that C~jk£C~jk£ = (2~)2. Equations (3.23) and (3.28) can now be
used to simplify the expression for g in equation (3.36):
(3.39)
Again, equation (3.23) may be applied to yield
* * 2g = [12~ + 6c(1-s) + 4SH ](CJ
e
) (3.40)
Co-lIlc.-ldc.Ilc.c. WLt/l Ull-la.x.-<..a.£ Va:ta.. Let H denote the slope of the un i-
axial stress and strain curve which is taken to be the-same as that for
;e and ~p' i.e.,
-32-
, .
-(3.41)
In order that equation (3.37) would reduce to the uniaxial stress and
strain relation, it is required that
*H = H, c = £ H3 (3.42)
This further simplifies equation (3.40)
and equation (3.38)
(3.43)
pCook1J Q. (3.44)
Applying equations (3.31), (3.43) and (3.44), equation (3.37) becomes
* *3~ s 0 0 s k1 J Q. •
H * 2JE kn2(~ + -)(a) '"3 e
(3.45)
Equation (3.45) can be put into matrix form such that [DepJ in equation
(3.9) can be extracted.
MCLtc.,UcU. MCL0't.Z.X. The contraction
2 * 2 Ho = - (a) (1 + -)3 e 3u
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(3.46)
will be made in equation (3.46) so that the material matrix [DepJ for
i,j = x,y,z is given by
[D ] = 2)1 xep
x
* * *S T SyT xy SzTxy 1 T
2
X xy ~
0 , 0 0 , "2 - 0
* * *SxTyz SyTyz SzTyz TzyTyz 1 T
2
-.E:..
0 0 , 0 , 0 , "2 - D
* * *
sxTzx SyTzx SZT ZX TxyT zx TyzTzx 1 T
2
XZ
0 0 , 0 0 , 0 , "2 - ---u
(3.47)
in "Jhich
(3.48)
and 'ij (i,j = x,y,z) are the shear stress components. The stiffness
matrix [K] in equation (3.12) is thus fully defined once the form of
-34-
[DepJ is known. For two-dimensional problems where lZX =
= 0, equation (3.47) simplifies a great deaJ.
* .*(3.27) can be related to Sij and Sij'
'pE ••lJ
= ~=' *A AS ••dO.. lJlJ
The expression for a·· in equationlJ
Recall from equation (3.19) that
(3.49)
because of equations (3.22) and (3.24). Equation (3.49) may be in-
serted into equation (3.29) to render
12 *. * . 1/2 =
E e = 1~3 (s .. As .. A)1 J 1 J (3.50)
where equation (3.23) was applied. .*Now, since 0e is related to Ee ,
.*i.e., 0e ~ Ee . Introduce the parameter h as a measure of the isotropic
part of the strain hardening rate and let 3h/2 be the proportional fac-
tor such that
3 .
- hE2 e
Equations (3.50) and (3.51) can thus be combined to yield
(3.51)
(3.52)
*The anisotropic part of the strain hardening rate is qiven by c in
equation (3.27), i.e.,
-35-
a· .lJ
. p
= c(l-shij
*.p
= C E··>lJ (3.53)
Equations (3.49) and (3.52) may be applied to equation (3.53) to qive
* .*
* s .. cr
* *
. C lJ e
= c s .. f.. = (3.54)a· . h *lJ 1J cr
e
For the combined hardening process, it is known from equation (3.23)
that
*.*
cr cr
e e
3 *.*
= "2 SijSij (3.55)
.*This relation can be used to eliminate cr
e
in equation (3.54) and the
*result for K = c /h is
a· .
1 J
3
=
"2 K
* *.*
s· .s . ·s ..lJ lJ lJ
* 2(cre )
(3.56)
Referring to Figure 3.2, isotropic hardening corresponds to K = 0 such
that the yield surface would expand concentrically \vith reference to
the origin 0 while kinematic hardeninq corresponds to K = 1 where the
yield surface can also translate with 0 moving to 0'.
3.4 Finite Element Approach
The method of finite element involves discretizinq the continuum
into a finite number of subdivisions with irregular shapes. Isopara-
metric mapping is then employed to transform these irregular subdivi-
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sions into unit elements in the mapped region. This approach simpli-
fies the bookkeeping of nodal point coordinates. Since the procedure
[38,39J is already well known, only a brief description of the nurneri-
cal analysis will be given.
TI1;teftpo£a.-U.. on FWlcX;"on,s. For t\'m dimensional qeometries, it suf-
fices to use the 12 nodes isoparametric element which is irregularly-
shaped in the physical plane, Figure 3.3(a). The coordinates of the
element in the mapped plane are [ = ±l and n = ±l at the corner nodes.
This is shown in Figure 3.3(b). The side nodes are evenly placed at
-37-
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Figure 3.3. Coordinates of 12 node isoparametric element in physical
and transformed plane.
1/3 of the distance from the corners. A special feature of the trans-
formation is that the same shape functions Ni(~~n) (i = 1~2~ ... ~12) can
be used to relate the coordinates (x~y) and displa~e~ents (ux~uy) to
their corresponding nodal values~ say (xi~Yi) and [(ux)i~(Uy)iJ. The
following expressions, therefore, prevail:
12
x = L Ni(~~n)xi~
i =1
12
y = L N·(~~n)Y,, ,
i=l
(3.57)
The same applies to the displacements:
(3.58)
The shape functions Ni(~~n) ( i = 1~2~ ... ~12) are given by
N1
1 (1-n)(1-~)[9(~2+n2)-lOJ
-}2
N2
9 (1-n)(1-~2)(1-3~)
-}2
N3
9 (1-n)(1-~2)(1+3~)
-12
N4
1 (1-n)(1+~)[9(~2+n2)-lOJ
-}2
N5
9 (1+~)(1-n2)(1-3n)
-}2
N6
9 (1+~)(1-n2)(1+3n)
-}2
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Evalu..~ol1 06 s.u.6611e.-6-6 Ma;t;U..x.. Computation of [K] is carried out
in terms of the variables ( and n such that equation (3.12) can be ex-
pressed as
1 1
[K] = f f Q((,n)d~dn
- 1 - 1
in which Q(~,n) stands for
Q(~,n) = [B]T[D][B]h det [J]
(3.60)
(3.61)
with h being the thickness dimension of the plane body. The transfor-
mation would involve the use of the Jacobian
-40-
ax ~~' ai;
[J] = (3.62)
ax ay
an' an
whose inverse is
ax ax
- an' ai;
such that dA or dxdy becomes
dxdy = det[J]d~dn
(3.63)
(3.64)
In vi eVJ of equations (3.57) and (3. 58) , equation (3.62) takes the form
12 aN. 12 aN.
I 1 I 1ar- Xi' ar- Yii=l i =1
[J] = (3.65)
12 aN. 12 aN.
I 1 I 1-a-X.' ~Yii =1 n 1 i =1
Change of independent variables can be made by means of
-41-
aN. aNi1
ai; ax
= [J] (3.66)
aN. aN-.
1 1
an ay
The inverse of equation (3.66) is
aN. aN.
1 1
ax at;;
= [Jr1 (3.67)
aN. aN.
1 1
ay an
The Gauss-Legendre quadrature scheme is applied to compute [K]
numerically. This procedure assumes that
1 1
f f
- 1 - 1
4 4
Q(~,n)d~dn = L L
i=l i=l
H.H.Q(~.,n.)
1 J J J
(3.68)
Sixteen (16) Gaussian points can thus be embedded in each of the twelve
(12) node isoparametric element such that
t;;2 -~3 = 0.339981043584856
~1 -~4 = 0.861136311594053 (3.69)
n2 = -n3 = 0.339981043584856
n1 = -n4 = 0.861136311594053
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The values Hj (j = 1,2, ... ,4) in equation (l.68) are
Hl = H4 = 0.347854845137454
(3.70)
H2 = H3 = 0.652145154862546
As the numerical values of {u} are obtained from equation (3.11), the
quantities of interest such as {E} follows from equation (3.6) while
{a} follows subsequently from equation (3.9).
stu6uI1g 06 Side. Node.,.6. The way with which the displacement gradi-
ents behave in the vicinity of a crack tip can be altered by adjusting
the spacing of the neighboring side nodes. For the case of the eight
(8) node isoparametric finite element, the midside nodes may be shifted
to the quarter point nearest the crack tip to yield;the 1//;:; singular
behavior of the displacement gradient [40J. The same can be achieved
for the twelve (12) node isoparametric element by shifting the inter-
mediate nodes to the 1/9 and 4/9 positions nearest the crack tip [41J.
For the sake of illustration, suppose that the crack tip is located
at ~ = -1 and n = -1 as shown in Figure 3.4. The coordinates xj and
displacements uj (j = 1,2, ... ,4) for the four nodes in Figure 3.4 can
be related, respectively, to the coefficients ao,a 1,··.,a 3 and bo'
b1' . . . , b3 i n x and ux as f 0 110\'1 S :
x = a ~ a - ~ a ~2 + a ~3o' 1s' 2~ 3~
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(3.71)
Position of
n-axis
1
j
1
- "3-1
Crack xl x2 x3 x4~f=====' ---::+-__--_--,1; at n = - 1
o
Figure 3.4. Crack tip with reference to side
of a twelve (12)-node isoparametric
finite element.
and
(3.72)
The coefficients ao,a l , ... ,a3 in equation (3.71) are
X4
ao
= 16 (-1+9x 2+9x3)
./
x4
a l = 16 (-1-27x2+27x 3)
(3.73)
9x4 (1-x 2-x 3)a2 =~
9x 4 (1 +3x2-3x3)a3 = ~
with xl = O. The coefficients b
o
,bl , ... ,b3 in equation (3.72) take
the values
bo
1
= 16 (-u l +9u 2+9u 3-u 4)
bl
1
= 16 (u l -27u 2+27u 3-u 4)
(3.74)
b2
9 (u l -u 2-u 3+u 4)-16
b3
9 (-u l +3u 2-3u 3+u 4)= 16
r
Th~ 1/9 ~nd 4/9 S/li6t. Differentiating x with reference to ~ and
setting the result dx/d~ = 0, it is found that
(3.75)
Making use of equations (3.73) and (3.75), x in equation (3.71) may be
expressed in terms of x2 and x4:
(3. 76)
The displacement gradient du/dx can thus be computed:
du _ du d~ _ bl+2b2~+3b3~2
dx - d~ dx - al+2a2~+3a3~L
(3.77)
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which is a quadric function of~. As x ~ 0, du/dx ~ 1/1X for
(3.78)
such that
x4
x = ~ (1+~)2 or ~ = -1 + 2/x/x4
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(3.79)
IV. MODELLING OF CRACK EXTENSION IN ELASTIC-PLASTIC MATERIAL
Regardless of whether the load is monoto~ically rising or varying
in amplitude, the procedure for modelling slow crack growth is the
same. The only difference would be the ways with which the energy
ahead of the crack reaches the critical value. The major effort in an
elastic-plastic analysis is to determine (dW/dV)p the portion dissi-
*pated in plastic deformation and (dW/dV) the portion available to do
further damage. Growth behavior of the crack would depend directly on
*the proportion (dW/dV) /(dW/dV)p which, in turn, depends on the speci-
men size, material type and loading rate.
4.1 Specimen Size, Material Type and Load Step
A minimum of 27 curves are required for determining the combined
effect of specimen size, material type and load step on subcritical
crack growth behavior. They consist of three different specimen sizes;
three different material types; and three different load steps. In
this way, crack growth resistance curves could be developed to deter-
mine the critical crack size as a function of material, specimen size
and 1oadi ng.
Speczmen Size. Referring to Figure 4.1, a throuqh crack of lenqth
2a is centered in a plate with dimensions 2b x 2c x h. Three sets of
values of (b,c,h) are selected as given in Table 4.1 where reference
will be made to the volume to surface area ratio VIA. In this way,
comparison on specimen size could be made regardless of the shape.
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Figure 4.1. Center cracked ~late under uniform load.
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Table 4.l. Volume/surface ratio~ for three
different specimen sizes.
Specimen VIA Dimensions (cm)
(cm)
a b c h
A 0.247 2.54 25.4 12.7 0.508
B 0.308 3.175 31.75 15.875 0.635
C 0.370 3.81 38.10 19.05 0.762
Mat~ Type. According to the continuum mechanics discipline, it
suffices to describe the macroscopic behavior of a material by the
three (3) parameters 0ys' aut and (dW/dV)c as outlined in Table 4.2 for
Table 4.2. Mechanical and fracture properties
of material Type I, II and III.
*Material a aut (d\1/dV) (dW/dV)cType ys c(MPa) (MPa) (MPa) (MPa)
I 413.69 1,585.81 49.81 26.6
II 500.00 1 ,680.00 35.73 19.8,
III 620.35 1,780.00 24.91 14.0
the three types of material referred to as Type I, II and III. Note
that material Type II I I'Ji th the highest yield strength 0ys has the low-
est toughness (d\1/dV) VJhi 1e the oppos ite holds for material Type I.
c
The ultimate strength is denoted by aut. Displayed in Fi gure 4.2 are
the true stress and true strain curves for the Type I , II and III mate-
rials. These curves were obtained from the Ramberg-Osgood relation:
1 a 5
- {a + 0.02[(-) - 1Jays}' fm" a > aE 0ys - ys
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E =
aE' for a < a
- ys
(4.1)
20
Type III
~
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True strain E x 10- 2 (em/em)
Figure 4.2. True stress and strain eurve for three types
of materials.
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where E = 206.84 x 10 3 MPa. Alternatively, they could also be mod-
elled by multi-linear segments j =" 1,2, etc. That is
° -0
ut
N
ys (J'-l)OJ = °ys +
(4.2)
1 0. 5
E, = -E {OJ' + 0.02[(--J--) - l]oys}
J 0ys
in which N stands for the number of segments. Since equation (4.2)
converges rapidly, sufficient accuracy is achieved by havinq N = 30 and
j = 1,2, ... ,31.
Load St~p. Material tends to respond more rigidly when the load is
applied more quickly whereas it could flow more easily if the load is
applied very slowly over a ,longer period of time. These two contrast-
ing behaviors could be modelled by changing the applied stress incre-
ment 60. Selected for the problem at hand are the three (3) values of
60 in Table 4.3. Rigidity of the material and specimen size also co~e
Table 4.3. Applied stress increment i, ii and iii.
Stress
Increment
i
i i
iii
into playas mentioned earlier.
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60
(~1Pa )
10
20
40
Table 4.4. Possible combinations of size, material and load.
Size
(Tabl e 4.1)
A
B
C
Material
(Table 4.2)
I
II
III
Load
(Table 4.3)
i i
iii
and Table 4.5 gives the 9 cases where the size, material and load will
be varied one at a time. Since the case IIAii is repeated three times,
Table 4.5. Nine combinations analyzed.
Si ze
Varied
IIA i i
IIBii
IICii
Load
Varied
IIAi
ITA i i
ITA iii
Material
Varied
IAii
I IAi i
II1Aii
only 7 independent set of finite element solutions are needed. The
corresponding loads P are summarized in Table 4.6. Note that the
Table 4.6. Applied loads P x 106 (N) in analyzing subcritical
crack growth.
Load Size/Load/Material Combination
Step
No. IAii(9)
I1Aii(7);IIIAii(6) ITBii(5) I1Cii(4) ITAi (9) 1IAiii(4)
1 0.516 0.806 1 .161 0.516 0.516
2 0.542 0.847 1.219 0.529 0.568
3 0.568 0.887 1.277 0.542 0.619
4 0.594 0.927 1.335 0.555 0.671
5 0.619 0.968 0.568
6 0.645 0.581
7 0.671 0.594
8 0.697 0.606
9 0.723 0.619
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increase in load increment is the same for cases IAii, IIAii and
IIIAi; except that the number of steps are, respectively, nine (9),
seven (7) and six (6). The notation IIBii (5) has the same meaning
and is self-explanatory. The applied stress ° is obtained by dividing
the specimen cross-sectional area 2ch into P, i.e., ° = P/2ch.
Cna~Q G~owth In~ement. The five combinations of applied loads in
Table 4.6 correspond to the crack growth increments will be obtained
with and without overshoot. For the first crack growth increment, of
say Case IAii in Table 4.7, an applied stress of 400 MPa would be re-
quired to initiate crack growth. This is accomplished by six sub-load
steps corresponding to °1 in Table 4.7. Initially, the amount of 32
MPa is applied where the material around the crack tip has yielded.
The PAPST program [42J automatically takes care of the initial loading
step so that the crack tip material element is either on the verge of
yielded or has just yielded. The sub-load stress is then increased to
60 MPa, 160 MPa and so on until a critical condition of crack initia-
tion is reached as mentioned earlier. To initiate the second crack
growth increment, the finite element grid pattern needs to be remeshed
to accommodate a longer crack, the load is again increased in steps,
the first one of which for Case IAii in Table 4.7 is 33.60 MPa which is
slightly beyond the state of yield initiation at the crack tip. Again,
six (6) sub-load steps are taken until the crack becomes critical at
420 MPa. Outlined in Table 4.8 are the yield initiation status of the
crack tip element at the first step of sub-loading for the seven (7)
cases IAii, IIAii, ... , IIAiii." This pl"ocedul"e can be repeated to ob-
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Table 4.7. Applied stresses ° (MPa) for sub-load steps of five cases
IAii, IrAii, ... , IrAiii.
Applied Sub-Load Steps
Stress
2 3. 4 5 6 7 8 9 10 11 12·
Case IAii
-
°1 32 60 160 240 320 400
o? 33.6 63 168 252 336 378 420
l..
°3 35.2 66 176 264 308 352 396 440
°4 36.8 69 184 276 322 368 414 437 460
I
°5 38.4 72 192 240 288 336 384 432 456 480(J1
.j:::>
°6 40 50 150 200 250 300 350 400 450 475 500I
°7 26 52 104 156 208 260 312 364 416 468 494 520
°8 27 54 108 162 216 270 324 378 432 486 513 540
°9 28 56 112 168 224 280 336 392 448 504 532 560

Table 4.8. Yield initiation status of crack tip element for Cases IAii, IIAii, ... , IIAii;
at the first sub-load step.
Applied Size/Load/Material Combinations
Stress
IAii IIAii I IIAij IIBi i TICii IIAi TIAiii
_._-----~.._-----_._._----
°1 Yielded Not Yielded Not Yielded Not Yielded Not Yielded Not Yielded Not Yielded
°2 Yielded Not Yielded Not Yielded Not YieldE;!d Not Yielded Not Yielded Not Yielded
°3 Yielded Not Yielded Not Yielded Not Yielded Not Yielded Not Yielded Yielded
°4 Yielded Yielded ~Not Yielded Yielded Yielded Not Yielded Yielded
I °5 Yielded Yielded Not Yielded Yielded - Not Yieldedc.n
(J')
I
°6 Yielded Yielded Not Yielded - - Not Yielded
°7 Not Yielded Yielded - - - Yielded
°8 Not Yielded - - - - Yielded
°9 Not Yielded - - - - Yielded
tain the entire range of sub-critical crack growth. Table 4.7 summa-
rizes all of the sub-load steps ~l' 02' etc., for the five loading
histories in Table 4.6.
4.2 Finite Element Consideration
The twelve-node quadrilateral isoparametric element as defined in
Figures 3.3(a) and 3.3(b) will be used by application of the elastic-
plastic finite element method formulated in Chapter III. Additional
details can be found in [32-34J. Accuracy of local solution is
achieved by placing the adjacent side nodes at 1/9 and 4/9 distance
from the corner node. This preserves the l/r strain energy density
function decay along the path of prospective crack growth as discussed
previously. While the numerical values of dW/dV at the nodes may vary
depending on the interpolation scheme, this uncertainty is circumvented
by evaluating dW/dV at the quadrature points of element with contour
plots.
Ghid P~t~hl1. Discretized in Figure 4.3 is one-quarter of the
plate in Figure 4.1. Except for the half crack length distance a, the
sides with dimensions band (c-a) representing lines of load and geo-
metric symmetry are constrained not to displace across the lines of
symmetry. As each isoparametric element \vould contain 12 nodes, there
prevails a total of 161 nodes for the 26 elements. Elements 1 and 2
would always be attached to the crack tip as the grid pattern is re-
meshed for each segment of crack growth when the ligament (c-a) de-
creases in size.
-57-
--~caI:
, , ,
r- 'I' j j I I
./-i
/
26 25
/
~/
24 23
..0
0
~
21 20
/.
/,
'"
17 16 /
'"
13 12 / 22
18 ~9 8/ 15 19
14 ~5 4/ 7 11
/, 10 612 1\3
/ ~~~ ~" ;-.."
" '"
"\,"
Fi gUl~e 4.3. Gri d pa ttern \'/ith one-fourth symmetry
for the center-crack panel.
-58-
c~~ Analyzed. While complete design information would require
solutions to 27 cases, it suffices to illustrate the principle from the
results of 9 cases. Refer to Table 4.4 for all the possible combina-
tions of specimen size (A,B,C); material type (1,11,111) and load step
(i,ii,iii). Because the elastic-plastic solution is load history de-
pendent, care has been taken not only to specify each of the load step
but also the sub-load steps as described in Table 4.7. Numerical re-
sults will be obtained to illustrate the difference in subcritical
crack growth behavior when overshoot is accounted for.
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V. DISCUSSION OF NUMERICAL RESULTS
Based on the data for material, specimen size and loading steps de-
scribed in Chapter IV, finite element calculations are made to obtain
the displacements, stresses, strains and strain enerqy densities for
each of the load steps and crack growth increments. Because of plastic
energy dissipation being loading rate dependent, the critical available
energy to initiate crack growth changes not only with material type but
also with specimen size and loading step. All numerical results in
this Chapter will be based on an initial half crack lenqth of a = 2.54
. 0
cm and a core region radius r = 0.01 cm as defined in Figures 2.7 oro
2.8.
5.1 Effective Stress and Energy Density Distribution
Excessive distortion and dilatation are the two basic mechanisms
identified, respectively as yieldinq and fracture in solids. According
to the theory of plasticity, the former occurs \~hen the effective
stress a exceeds the uniaxial yield strength a of the material where
e ys
(5.1)
is expressed in terms of the principal stresses a. (j = 1,2,3). The
J
latter mode of material damage is enforced independently by employing
criteria in fracture mechanics, some of which were mentioned in the In-
troductory Chapter. To be used in this investigation toqether with the
elastic-plastic stress solution is the strain eneray density criterion
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[25-27J discussed in Chapter II. It requires a knowledge of the sta-
tionary values of the strain energy density function
dW _
dV -
E· •lJ
J
o
0 .. dE ..
1J 1 J (5.2)
with 0ij and Eij being, respectively, the elastic-plastic stresses and
strains in a particular material element. Both 0e and dW/dV undergo
high elevation at the sites of failure initiation; their distribution
provides insights into the details of the yield/fracture failure pat-
tern. In what follows, the data for Cases IAii, IIAi and IIAiii in
Table 4.7 will be presented and discussed as examples.
E66ective S~~~. Following the finite element method in Chapter
III and solution procedure in Chapter IV, the effective stresses ° in
e
equation (5.1) can be calculated everywhere in the cracked plate, Fig-
ure 4.1. Numerical data of ° as a function of the distance r along
e
the site of prospective crack growth are given in Tables 5.1, 5.2 and
5.3 for the Cases IAii, IIAi and IIAiii, respectively. For illustra-
tion, it suffices to tabulate only the results for the first and final
step of loading. For the first step of loadinq in Case IAii as 01
reached 400 MPa, the effective stress ° in Table 5.1 decreased about
e
one order of magnitude from 1.256 x 103 to 4.352 x 102 MPa within a
distance of 6.35 x 10-3 m from the crack tip. The trend is shown in
Figure 5.1 where ° attained a minimum for r = 2.54 x 10-3 to 2.73
e
x 10-3 m. This decay remained nearly the same after nine (9) load
steps where the crack grew from a half crack length of ao = 2.54 cm to
-61-
Table 5.1. Variations of effective
ahead of crack for Case
(ao = 2.54 cm) and 09 =
01 = 400 MPa (ao = 2.54 cm)
stress with distance
IAii with 01 = 400 MPa
560 MPa (a8 = 2.993 cm).
09 = 560 MPa (a8 = 2.993 cm)
Radial
Distance
r (m)
0.000001:+00
6.33919E-06
2.53816E-05
5.71267E-05
8.09767E-05
1.01574E-04
1.58724E-04
2.28576E-04
3.11129E-04
4.06383E-04
5.14338E-04
6.34994E-04
7.68349E-04
9.14405E-04
1. 07316E-03
1. 24461E-03
1.42877E-03
1.62562E-03
1.83517E-03
2.05741E-03
2.29236E-03
2.54000E-03
2.54000E-03
2.73050E-03
2.92100E-OJ
3.11150E-03
3.30200E-03
3.49250E-03
3.68300E-03
3.87350E-OJ
4.06400E-03
4.25450E-03
4.44500E-OJ
4.63550E-03
4.82600E-03
5.01650E-03
5.20700E-03
5.39750E-03
5.58800E-03
5.77850E-03
::5.96900E-03
6.15950E-03
6.35000E-03
Effective
Stress
° (MPa)e
1.25647E+03
1. 29991E+03
1. 32110E+03
1. 32219E+03
1.31314E+03
1.30533E+03
1. 27267E+03
1.22637E+03
1.16857E+03
1.10143E+03
1.02709E+03
9.47713E+02
8.65445E+02
7.82438E+02
7.00843E+02
6.22812E+02
5.50495E+02
4.86044E+02
4.31609E+02
3.89343E+02
3.61396E+02
3.49919E+02
3.49919E+02
3.59975E+02
3.69296E+02
3.77902E+02
3.85814E+02
3.93053E+02
3.99640E+02
4.05597E+02
4.10944E+02
4.15702E+02
4.19892E+02
4.23536E+02
4.26654E+02
4.29267E+02
4.31396E+02
4.3306JE+02
4.34288E+02
4.35092E+02
4.35496E+02
4.35522E+02
4.35190E+02
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Radial
Distance
r (m)
O.OOOOOE+OO
7.49774E-06
2.99564E-05
6.73767E-05
1.19759E-04
1.87105E-04
2.69414E-04
3.66687E-04
4.57967E-04
4.78926E-04
6.06130E-04
7.48300E-04
9.05437E-04
1.07754E-03
1.26462E-03
1.46666E-03
1. 68367E-03
1.91565E-03
2.16261E-03
2.42453E-03
2.70143E-03
2.99330E-03
2.99330E-03
3.21778E-03
3.44226E-03
3.66675E-03
3.89124E-03
4.11573E-03
4.34023E-03
4.56473E-03
4.78924E-03
5.01374E-03
5.23825E-03
5.46276E-03
5.68726E-03
5.91177E-OJ
6.13627E-03
6.36077E-03
6.58526E-03
6.80976E-03
7.03424E-03
7.25872E-03
7.48320E-03
Effective
Stress
0e (MPa)
1. 70690E+03
1. 70959E+03
1.69597E+03
1. 66768E+03
1. 62636E+03
1. 57365E+03
1. 51120E+03
1. 44064E+03
1. 37801E+03
1. 36363E+03
1. 28180E+03
1. 19680E+OJ
1.11026E+OJ
1. 02384E+03
9.39166E+02
8.57893E+02
7.81659E+02
7.12107E+02
6.50879E+02
5.99619E+02
5.59968E+02
5.33569E+02
5.33569E+02
5.39069E+02
5.45119E+02
5.51619E+02
5.58469E+02
5.65570E+02
5.72822E+02
5.80125E+02
5.87378E+02
5.94483E+02
6.01340E+02
6.07847E+02
6.13906E+02
6.19417E+02
6.24280E+02
6.28395E+02
6.31662E+02
6.33981E+02
6.35252E+02
6.35376E+02
6.34253E+02
Table 5.2.
a'" = 400 MPa1
Radi a1
Distance
r (m)
O.OOOOOE+OO
6.33919E-06
2.53816E-05
5.71267E-05
1. 01574E-04
1. 58724E-04
2.01052E-04
2.28576E-04
3.11129E-04
4.06383E-04
5.14338E-04
6.34994E-04
7.68349E-04
9.14405E-04
1. 07 316E-03
1.24461E-03
1.42877E-03
1.62562E-03
1. 83517E-03
2.05741E-03
2.29236E-03
2.54000E-03
2.54000E-03
2.73050E-03
2.92100E-03
3.11150E-03
3.30200E-03
3.49250E-03
3.68300E-03
3.87350E-03
4.06400E-03
4.25450E-03
4.44500E-03
4.63550E-03
4.82600E-03
5.01650E-03
5.20700E-03
5.39750E-03
5.58800E-03
5.77850E-03
5.96900E-03
6.15950E-03
6.35000E-03
Variations of effective stress with distance
ahead Df crack for Case IIAi with 01 = 400 MPa
(ao = 2.54 cm) and °9 = 480 MPa (a8 = 3.078)
(a = 2.54 cm)
°9 = 480 ~1Pa (ag = 3.078 cm)0
Effective Radi a1 Effective
Stress Distance Stress
0e (MPa) r (m) 0e U1Pa)
1.45018E+03 O.OOOOOE+OO 1.70903E+03
1.49339E+03 7.71168E-06 1.72560E+03
1.50987E+03 3.08070E-05 1. 71972E+03
1.50235E+03 6.92861E-05 1.69380E+03
1.47357E+03 1.23150E-04 1.65023E+03
1.42627E+03 1.92398E-04 1.59140E+03
1.38608E+03 2 .~77 031E-04 1.51973E+03
1. 36319E+03 3.77049E-04 1.43760E+03
1.28707E+03 4.30165E-04 1.39609E+03
1.20064E+03 4.92453E-04 1.34742E+03
1.10665E+03 6.23243E-04 1.25158E+03
1.00783E+03 7.69419E-04 1.15249E+03
9.06917E+02 9.30982E-04 1.05254E+03
8.06654E+02 1.10793E-03 9.54139E+02
7.09779E+02 1.30027E-03 8.59676E+02
6.19029E+02 1.50799E-03 7.71553E+02
5.37143E+02 1. 73111E-03 6.92170E+02
4.66859E+02 1.96961E-03 6.23926E+02
4.10915E+02 2.22350E-03 5.69219E+02
3.72051E+02 2.49278E-03 5.30449E+02
3.53004E+02 2.77744E-03 5.10015E+02
3.56513E+02 3.07750E-03 5.10315E+02
3.56513E+02 3.07750E-03 5.10315E+02
3.64776E+02 3.30832E-03 4.99323E+02
3.71833E+02 3.53913E-03 4.90755E+02
3.77800E+02 3.76995E-03 4.84409E+02
3.82795E+02 4.00077E-03 4.80080E+02
3.86935E+02 4.23160E-03 4.77564E+02
3.90338E+02 4.46242E-03 4.76658E+02
3.93121E+02 4.69324E-03 4.77157E+02
3.95401E+02 4.92406E-03 4.7B857E+02
3.97296E+02 5.15489E-03 4.81553E+02
3.98924E+02 5.38571E-03 4.85043E+02
4.00401E+02 5.61653E-03 4.89122E+02
4.01846E+02 5.84735E-03 4.93586E+02
4.03375E+02 6.07816E-03 4.98231E+02
4.05107E+02 6.30898E-03 5.02852E+02
4.07158E+02 6.53979E-03 5.07246E+02
4.09646E+02 6.77060E-03 5.11209E+02
4.12689E+02 7.00140E-03 5.14536E+02
4.16403E+02 7.23221E-03 5.17024E+02
4.20907E+02 7.46301E-03 5.18469E+02
4.26318E+02 7.69380E-03 5.18666E+02
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Table 5.3. Variations of effective
ahead of crack for Case
(ao = 2.54 cm) and 04 =
stress with distance
IIAiii with 0i = 400 MPa
520 MPa (a 3 = 2~732 cm).
01 = 400 MPa
Radial
Distance
r (m)
(ao = 2.54 cm)
Effective
Stress
0e (MPa)
04 = 520 MPa (ao = 2.732 cm) r
Radial Effective /
Distance Stress
r (m) 0e (MPa)
-
O.OOOOOE+OO
6.33919E-06
2.53816E-05
5.71267E-05
1.01574E-04
1.58724E-04
2.01052E-04
2.28576E-04
3.11129E-04
4.06383E-04
5.14338E-04
6.34994E-04
7.68349E-04
9.14405E-04
1.07316E-03
1.24461E-03
1.42877E-03
1.62562E-03
1.83517E-03
2.05741E-03
2.29236E-03
2.54000E-03
2.54000E-03
2.73050E-03
2.92100E-03
3.11150E-03
3.30200E-03
3.49250E-03
3.68300E-03
3.87350E-03
4.06400E-03
4.25450E-03
4.44500E-03
4.63550E-03
4.82600E-03
5.01650E-03
5.20700E-03
5.39750E-03
5.58800E-03
5.77850E-03
5.96900E-03
6.15950E-03
6.35000E-03
1.45018E+03
1.49339E+03
1.50987E+03
1. 50235E+03
1.47357E+03
1.42627E+03
1.38608E+03
1.36319E+03
1.28707E+03
1.20064E+03
1.10665E+03
1.00783E+03
9.06917E+02
8.06654E+02
7.09779E+02
6.19029E+02
5.37143E+02
4.66859E+02
4.10915E+02
3.72051E+02
3.53004E+02
3.56513E+02
3.56513E+02
3.64776E+02
3.71833E+02
3.77800E+02
3.82795E+02
3.86935E+02
3.90338E+02
3.93121E+02
3.95401E+02
3.97296E+02
3.98924E+02
4.00401E+02
4.01846E+02
4.03375E+02
4.05107E+02
4.07158E+02
4.09646E+02
4.12689E+02
4.16403E+02
4.20907E+02
4.26318E+02
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1.83792E+03
1.82869E+03
1.80285E+03
1.76210E+03
1.70816E+03
1.64272E+03
1.56747E+03
1.48412E+03
1.39438E+03
1.39178E+03
1.29993E+03
1.20249E+03
1.10374E+03
1.00540E+03
9.09159E+02
8.16721E+02
7.29786E+02
6.50054E+02
5.79226E+02
5.19002E+02
4.71082E+02
4.37168E+02
4.37168E+02
5.21305E+02
5.86728E+02
6.35166E+02
6.68350E+02
6.88008E+02
6.95870E+02
6.93667E+02
6.83127E+02
6.65980E+02
6.43956E+02
6.18784E+02
5.92195E+02
5.65917E+02
5.41680E+02
5.21214E+02
5.06248E+02
4.98513E+02
4.99737E+02
5.11651E+02
5.35983E+02
O.OOOOOE+OO
6.83100E-06
2.73240E-05
6.14790E-05
1. 09296E-04
1. 70775E-04
2.45916E-04
3 ..34719E-04
4.37184E-04
4.40376E-04
5.53311E-04
6.83100E-04
8.26551E-04
9.83664E-04
1.15444E-03
1. 33888E-03
1.53698E-03
1.74874E-03
1.97416E-03
2.21324E-03
2.46599E-03
2.73240E-03
2.73240E-03
2.93733E-03
3.14225E-03
3.34718E-03
3.55211E-03
3.75705E-03
3.96198E-03
4.16691E-03
4.37184E-03
4.57678E-03
4.78171E-03
4.98664E-03
5.19157E-03
5.39649E-03
5.60142E-03
5.80634E-03
6.01126E-03
6.21617E-03
6.42109E-03
6.62600E-03
6.83090E-03
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Figure 5.1. Variation of effective stress with distance
for case IAii, crack size a
o
= 2.54 em and
01 = 400 r·1Pa.
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a8 = 2.~93 cm at 09 = 560 MPa. That is, 0e dropped from 1.707 x 103
MPa at the crack tip to 6.343 x 102 MPa at r = 7.48 x 10-3 m. Again,
a minimum in 0e is obtained, Figure 5.2.
Displayed in Figure 5.3 are the effective stress contours around
the crack tip region for Case IAii with 01 = 400 MPa and a
o
= 2.54 cm.
Only one-quarter of the plate geometry is shown because of symmetry.
Values of 0e increases as the crack tip is approached such that 0e in-
creases beyond 663 MPa in the solid black region. Along the elastic-
plastic boundary, 0e = 413.69 MPa corresponds to the Type I material in
Table 4.2. An enlarged view of the 0e contours in elements 1 to 14 is
shown in Figure 5.4. Close to the crack tip, 0e is greater than 103
MPa and the material has yielded almost three (3) times beyond the
yield stress 0ys' As the load is increased to 09 = 560 MPa with a8
= 2.993 cm, yielding has spread from the crack tip region to the plate
edge as indicated in Figure 5.5. Only a small portion of the material
above the crack behind the tip remains elastic. This can be better
seen from the enlarged view in Figure 5.6. At the crack front, 0e has
increased beyond 1,213.69 MPa.
Summarized in Table 5.2 are the effective stress data for Case
IIAi. For the first load step 01 = 400 MPa, ° attains the value ofe
1.45 x 103 MPa; it then decreases sharply reaching a minimum at r
~ 2.29 x 10- 3 m. This feature prevails also at 09 = 480 MPa but the
-3
minimum in 0e is much weaker occurring in the range of r = 4.23 x 10
to 4.69 x 10-3 m. The curves in Figures 5.7 and 5.8 provide a graphi-
cal representation of the radial decay characteristics of De' For the
-66-
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Figure 5.2. Variation of effettive stress with distance
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09 = 560 rWa.
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Type II material, Table 4.2 gives a yield stress of 0 = 500 MPa.ys
Located in Figure 5.9 for 0 1 = 400 MPa, the elastic-plastic boundary is
relatively small compared to the width of the plate. A magnified view
of the crack tip region is given in Figure 5.10. In the solid black
region, the effective stress exceeds 1,100 MPa that is more than twice
the yield stress. Plastic deformation would continue to increase with
load. The yield situation for 0 9 = 480 MPa and a8 = 3.078 cm is given
in Figure 5.11. A much larger plastic zone has developed and the in-
tensity of yielding increases rapidly with diminishing distance at the
crack tip, Figure 5.12.
If the stress increment is changed to ~o = 40 MPa, the yield his-
tories would be altered accordingly. The data in Table 5.3 for Case
IIAiii will be analyzed. For the first sub-load step at 01 = 400 MPa,
the results in Table 5.3 for Case IIAiii are the same as those in Table
5.2 for IIAi. This is because the first sub-load steps for both cases
are the same and hence the curve in Figure 5.13 is identical to that in
Figure 5.7. As the stress increment is enlarged, more variations in 0e
with distance are observed at 04 = 520 MPa. This is clearly shown by
the waviness of the curve in Figure 5.14.
The effective stress contours in Figures 5.15 and 5.16 are the same
as those in Figures 5.9 and 5.10, respectively, because the same first
sub-load step is used for Case IIAi and IIIAiii. Significant differ-
ence is seen for the results in Figure 5.17 where the plastic zone has
now extended to the plate edge even though only four (4) load steps
were taken with 04 = 520 MPa. The wide spread of plastic deformation
-74-
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Figure 5.10. Enlarged effective stress contours in elements 1 to 14 for case IIAi
with crack size a
o
= 2.54 cm and al = 400 MPa.
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Figure 5.11. Effective stress contours for case IIAi
with crack size as = 3.078 C~ and 09
= 4S0 r'iPa.
-77-
I
'-J
co
I
Joo
Elastic-plastic
cm .1
E
u
N
<::l"
co
Figure 5.12. Enlarged effective stress contours in elements 1 to 14 for case IIAi
with crack size a8 = 3.078 cm and 09 = 480 MPa.
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Figure 5.16. Enlarged effective stress contours in elements 1 to 14 for case IIAiii
with crack size ao = 2.54 cm and 01 = 400 MPa.
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is even better illustrated in Figure 5.18 where each 0e constant con-
tour gives the intensity of yielding.
En~gy Venhity Function. Once the stresses and/or strains are
known from the finite element analysis, equation (5.2) can be applied
to solve for the strain energy density function. Each of the cases
IAii, IIAi and IIAiii will be discussed separately.
*Referring to Table 5.4, values of dW/dV and (dW/dV)c are given as a
function of the radial distance ahead of the crack for Case IAii with
01 = 400 MPa and 09 = 560 MPa. While dW/dV decreases with increasing
*r, the opposite takes place for (dW/dV)c as defined by equation (2.7).
This behavior has already been explained in Section II with reference
to Figures 2.5 and 2.6. For the first load step
°1 = 400 MPa, the in-
*tersection of (dW/dV)c with dW/dV in Figure 5.19 gives Sl and r l .
There is little or no detectable overshoot at this initial stage. At
09 = 560 MPa, a significant correction for crack growth due to over-
shoot is found. This is given by the distance r~ in Figure 5.20.
Given in Figures 5.21 and 5.22 are dW/dV contours for 01 = 400 MPa.
It is obvious that the locations of (dW/dV)min coincides with the path
of crack growth. That is, all of the values of dW/dV along the line
ahead of the crack are minima. The maximum of the minima corresponds
to the one that is closest to the crack tip where (dW/dV)min can be as
high as 85 MPa, Figure 5.22. This is, of course, way beyond the crit-
*ical value of (dW/dV)c = 26.6 MPa for the Type I material in Table 4.2.
Failure of material elements has thus been predicted at locations be-
yond the crack tip. Similarly, the results in Figures 5.23 and 5.24
-84-
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Table 5.4. Strain energy density function versus distance for Case IAii
with 01 = 400 MPa (a
o
= 2.54 cm) and °9 =560 MPa (as = 2.993
cm) .
01 = 400 MPa (a = 2.54 cm)
o °9 = 560 MPa (as = 2.993 em)
Energy Density (MPa) Energy Density (MPa)Radial
Di stance
r (m)
O.OOOOOE+OO
6.33919E-06
2.53816E-05
5.71267E-05
8.09767E-05
1.01574E-04
1.58724E-04
2.28576E-04
d, 3.1112 9E-04
'{' 4. 06383E-04
5.14338E-04
6.34994E-04
7.68349E-04
9.14405E-04
1. 07 316E-03
1.24461E-03
1.42877E-03
1.62562K-03
1.83517E-03
2.05741E-03
2.29236E-03
2.54000E-03
2.54000E-03
2.73050E-03
2.92100E-03
3.11150E-03
3.30200E-03
3.49250E-03
dl~/dV
8.42680E+01
7.32989E+01
6.32944E+01
5.42131E+01
4.98100E+01
4.60133E+01
3.86537E+01
3.20928E+01
2.62890E+01
2.12008E+01
1.67869E+01
1. 30057E+01
9.8156oE+OO
7.17537E+00
5.04331E+OO
3.37801E+00
2.13798E+OO
1.28172E+OO
7.67753E-01
5.54590E-01
6.00745E-01
8.64730E-01
8.64730E-01
8.99686E-01
9.27398E-01
9.48491E-01
9.63592E-01
9.73326E-01
*(dW/dV)c
O.OOOOOE+OO
7.91630E+OO
1. 50723E+01
2.13535E+01
2.68227E+01
3.15423E+01
3.55737E+01
3.89759E+01
4.18053E+01
4.41148E+01
4.59543E+01
4.73698E+01
4.84047E+01
4.90995E+01
4.94926E+01
4.96219E+01
4.95250E+01
4.92413E+01
4.92413E+01
4.92236E+01
4.92123E+01
4.92068E+01
4.92063E+01
4.92102E+01
Radial
Distance
r (m)
O.OOOOOE+OO
7.49774E-06
2.99564E-05
6.73767E-05
1.19759E-04
1. 87105E-04
2.69414E-04
3.66687E-04
4.57967E-04
4.78926E-04
6.06130E-04
7.48300E-04
9.05437E-04
1.07754E-03
1. 26462E-03
1.46666E-03
1. 68367E-03
1. 91565E-03
2.16261E-03
2.42453E-03
2.70143E-03
2.99330E-03
2.99330E-03
3.21778E-03
3.44226E-03
3.66675E-03
3.89124E-03
4.11573E-03
dW/dV
1.60470E+02
1.42887E+02
1.26297E+02
1.10706E+02
9.61161E+01
8.25312E+01
6.99550E+01
5.83910E+01
4.98100E+01
4.78429E+01
3.83143E+01
2.98086E+01
2.232$7E+01
1.588091;:+01
1.212QOE+01
8.61030E+OO
6.0000D.E+OO
4.46900E+OO
3.51000E+OO
2.6fo.oOE+OO
2.31200E+OO
2.01100E+OO
2.01100E+OO
1.94400E+OO
1.87476E+OO
1.90194'E+OO
1.92645E+OO
1.94847E+OO
*(dW/dV)c
O.OOOOOE+OO
6.46292E+OO
1.54682E+01
2.34644E+01
3.04607E+01
3.64635E+01
3.97000E+01
4.28000E+01
4.44000E+01
4.57500E+01
4.66000E+01
4.74000E+01
4.79000E+01
4.80000E+01
4.80000E+01
4.83850E+01
4.86537E+01
4.86437E+01
4.86376E+01
4.86349E+01
Table 5.4. Strain energy density function versus distance for Case IAii
with 01 = 4nn MPa (a = 2.54 cm) and 09 = 560 MPa (as = 2.993
Clll) - (continued). 0
*(dW/dV)cdW/dV
09 = 560 MPa (as = 2.993 cm),
Energy Density (MPa)Radial
Distance
r (m)
Energy Density (MPa)
*dW/dV (dW/dV)c
400 MPa (a = 2.54 cm)
ol'l
Radial
Distance
r (Ill)
3.68300E-03
3.87350E-03
4.06400E-03
4.25450E-03
4.44500E-03
4.63550E-03
4.82600E:-03
dJ 5. 01650E-03
~5.20700E-03
5.39750E-03
5.58800E-03
5.77850E-03
5.96900E-03
6.15950E-03
6.35000E-03
9.78318E-01
9.79193E-01
9.76578E-01
9.71098E-01
9.63378E-01
9.54043E-01
9.43721E-Ol
9.33035E-Ol
9.22611E-Ol
9.13076E-01
9.05053E-Ol
8.99170E-Ol
8.96052E-Ol
8.96323E-Ol
9.00610E-Ol
4.92178E+01
4.92286E+01
4.92417E+01
4.92567E+Ol
4.92729E+01
4.92897E+01
4.93064E+Ol
4.93225E+01
4.93373E+01
4.93504E+Ol
4.93610E+Ol
4.93685E+Ol
4.93725E+Ol
4.93723E+Ol
4.93673E+Ol
4.34023E-03
4.56473E-03
4.78924E-03
5.01374E-03
5.23825E-03
5.46276E-03
5.68726E-03
5.91177E-03
6.13627E-03
6.36077E-03
6.58526E-03
6.80976E-03
7.03424E-03
7.25872E-03
7.48320E-03
1.96821E+OO
1.98587E+OO
2.00166E+OO
2.01579E+OO
2.02845E+OO
2.03985E+OO
2.05020E+OO
2.05969E+OO
2.06853E+OO
2.07693E+OO
2.08509E+OO
2.09322E+OO
2.10151E+OO
2.11017E+OO
2.11940E+OO
4.86351E+01
4.86378E+01
4.86425E+01
4.86487E+Ol
4.86558E+01
4.86635E+01
4.86710E+Ol
4.86780E+01
4.86837E+01
4.86878E+01
4.86896E+01
4.86886:E+01
4.86842E+01
4.86759E+01
4.86632E+01
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Figure 5.19. Variation of strain energy density function
with radial distance for case IAii, crack
size a
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= 2.54 cm and 01 = 400 MPa.
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reveal further intensification of the local energy density field when
the load is increased to 09 = 560 MPa. Global instability has actually
been reached such that the plate would break completely. Determination
of the critical applied stress will be discussed later on.
*For the Type II material in Table 4.2, (dW/dV)c is 19.80 MPa, the
interaction of which with the (dW/dV)min curve gives the crack growth
segment as assumed by the strain energy density criterion. According
to the data in Table 5.5 for Case IIAi at 01 = 400 MPa, this point oc-
curs at approximately r between 0.0406 cm and 0.0514 cm. This can be
best seen from the graph in Figure 5.25. The crack growth segment r 1
corresponding to 51 is thus determined. Correcting for the overshoot
o * 0 -2r 1, the total growth would be r 1 = r o + r 1 + r1 where the r o = 10 cm
is the size of the core region. The same could be done for 09 = 480
*MPa where (dW/dV)c = 19.80 MPa occurs at r ~ 0.0769 cm and hence r 9 is
known while r~ is the overshoot. The corresponding constant dW/dV con-
tours for Case IIAi with 01 = 400 and 480 MPa can be found in Figures
5.27 to 5.30 inclusive. Initially, dW/dV in the plate is about 0.1 to
1.0 MPa; it tends to rise quickly near the crack tip as shown in Fig-
ures 5.27 and 5.28 where dW/dV can be as high as 85 MPa. As the crack
grows and load is further increased to 09 = 480 MPa, the distribution
of dW/dV changes with higher values of the energy density level. The
results are given in Figures 5.29 and 5.30.
Increasing the load step to 60 = 40 MPa, strain energy density data
were obtained for Case IIAiii and they are given in Table 5.6 for 01
= 400 MPa and °4 = 520 MPa. Decay characteristics of the energy den-
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Table 5.5. Strain energy density function versus distance for Case IIAi
with 01 = 400 MPa (a o = 2.54 cm) and 09 = 480 MPa (a8 = 3.078cm) .
*(dW/dV)cdW/dV*(dW/dV)cdW/dV
01 = 400 MPa (ao = 2.54 cm) 09 = 480 MPa (a~ = 3.078 cml)
Energy Density (MPa) Radial Energy Density (MPa)
Distance
r (m)
Radial
Distance
r (m)
O.OOOOOE+OO
6.33919E-06
2.53816E-05
5.71267E-05
1. 01574E-04
1. 58724E-04
2.01052E-04
I 2.28576E-04
~ 3.11129E-04
I 4.06383E-04
5.14338E-04
6.34994E-04
7.68349E-04
9.14405E-04
1.073'16E-03
1. 24461E-03
1.42877E-03
-"\ 1.62562E-03
1.83517E-03
2.05741E-03
2.29236E-03
2.54000E-03
2.54000E-03
2.73050E-03
2.92100E-03
3.11150E-03
3.30200E-03
9.57720E+Ol
8.19903E+Ol
6.96307E+Ol
5.86148E+Ol
4.88641E+01
4.03002E+Ol
3.57800E+Ol
3.28445E+Ol
2.64186E+Ol
2.09441E+Ol
1.63425E+Ol
1.25353E+Ol
9.44413E+OO
6.99043E+OO
5.09578E+OO
3.68171E+OO
2.66977E+OO
1.98149E+OO
1.53841E+OO
1.26206E+00
1. 07399E+OO
8.95740E-01
8.95740E-Ol
9.39642E-01
9.73117E-01
9.97124E-01
1.01263E+OO
O.OOOOOE+OO
7.42849E+OO
1. 33666E+Ol
1.83212E+Ol
2.23985E+Ol
2.57005E+Ol
2.83245E+Ol
3.03628E+Ol
3.19023E+Ol
3.30248E+Ol
3.38078E+01
3.43255E+Ol
3.46498E+01
3.48526E+01
3.50073E+01
3.51916E+Ol
3.51916E+Ol
3.51621E+Ol
3. 51412E+Ol :
3.512~OE+Ol
3.51217E+Ol
O.OOOOOE+OO
7.71168E-06
3.08070E-05
6.92861E-05
1. 23150E-04
1. 92398E-04
2.77031E-04
3.77049E-04
4.30165E-04
4.92453E-04
6.23243E-04
7.69419E-04
9.30982E-04
1.10793E-03
1. 3002'7'E-03
1.50799E-03
1. 73111E-03
1.~6961E-03
2.22350E-03
2.49278E-03
2.77744E-03
3.07750E-03
3.07750E-03
3.30832E-03
3.53913E-03
3.76995E-03
4.00077E-03
1. 31030E+02
1.13443E+02
9.74809E+Ol
8.30674E+Ol
7.01263E+Ol
5.85815E+01
4.83567E+01
3.93759E+01
3.57800E+Ol
3.15627E+01
2.48411E+Ol
1.91348£+01
1. 43 677E+01
1.04635E+01
7.34607E+OO
4.93924E+OO
3.16681E+OO
1.952(fOE+OO
1.22Q42E+OO
8.9408"4E-01
8.97406E-01
1.15420E+OO
1.15420E+OO
1.23561E+OO
1.30178E+OO
1.35400E+OO
1.39356E+OO
o._OOOOOE+OO
8.60685E+OO
1.47263E+01
1.98566E+01
2.40909E+01
2.75176E+01
3.02208E+Ol
3.22801E+Ol
3.37715E+01
3.47686E+01
3.53430E+Ol
3.55662E+Ol
3.55115E+01
3.52555E+01
3.52555E+Ol
3.51472E+Ol
3.50605E+01
3.49933E+01
3.49437E+01
Table 5.5.
II I 400 ~1Pa
Strain energy density
I'Ii th ()l = 400 MPa (a o
cm) - (continued).
(ao = 2.54 em)
function versus distance for Case IIAi
= 2.54 em) and 09 =480 MPa (a8 = 3.078
09 = 480 MPa (a8 = 3.078 GIll)
Energy_Density (MPa)Radial
Distance
r (m)
Energy Density (MPa)
*dW/dV (dW/dV)
c
Rad i a1
Distance
r (m) dW/dV *(dW/dV)c
3.49250E-03
3.68300E-03
3.87350E-03
4.06400E-03
4.25450E-03
4.44500E-03
4.63550E-03
~ 4. 82600E-03
'r 5.01650E-03
5.20700E-03
5.39750E-03
5.58800E-03
5.77850E-03
5.96900E-03
6.15950E-03
6.35000E-03
1.02059E+OO
1.02196E+OO
1.01772E+OO
1.00882E+OO
9.96220E-Ol
9.80886E-01
9.63777E-01
9.45856E-01
9.28085E-01
9.11424E-01
8.96835E-01
8.85280E-01
8.77720E-01
8.75118E-01
8.78434E-01
8.88630E-Ol
3.51214E+01
3.51264E+01
3.51359E+01
3.51492E+Ol
3.51654E+Ol
3.51839E+Ol
3.52038E+Ol
3.52246E+Ol
3.52453E+Ol
3.52654E+Ol
3.52840E+Ol
3.53004E+01
3.53141E+Ol
3.53241E+Ol
3.53299E+Ol
3.53308E+01
4.23160E-03
4.46242E-03
4.69324E-03
4.92406E-03
5.15489E-03
5.38571E-03
5.61653E-03
5.84735E-03
6.07816E-03
6.30898E-03
6.53979E-03
6.77060E-03
7.00140E-03
7.23221E-03
7.46301E-03
7.69380E-03
1.42176E+OO
1.43988E+OO
1.44922E+OO
1.45107E+OO
1. 44672E+OO
1.43747E+OO
1.42461E+OO
1.40942E+OO
1. 39321E+OO
1. 3772 6E+OO
1.36287E+OO
l.35133E+OO
1. 34393E+OO
1.34196E+OO
1.34672E+OO
1.35950E+OO
3.49097E+Ol
3.48895E+01
3.48813E+Ol
3.48833E+Ol
3.48940E+Ol
3.49114E+Ol
3.49338E+Ol
3.49596E+Ol
3.49870E+Ol
3.50141E+01
3.50392E+Ol
3.50605E+Ol
3.50762E+Ol
3.50844E+Ol
3.50832E+01
3.50709E+Ol
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Figure 5.25. Variation of strain energy density function
with radial distance for case IIAi, crack
size a
o
= 2.54 cm and 0, = 400 MPa.
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Table 5.6. Strain energy density function versus distance for Case IIAiii
with 01 = 400 MPa (a = 2.54 cm) and 04 = 520 MPa (a 3 = 2.732Clll) . 0
Energy Density (MPa)
01 = 400 MPa (a o = 2.54 Clll)
~"
*(dW/dV)cdW/dV
04 = 520 MPa (a3 = 2.732 em)
Energy Density (MPa)Radial
Distance
r (111)*(dH/dV)cdH/dV
Radial
Distance
r (111)
O.OOOOOE+OO
6.33919E-06
2.53816E-05
5.71267E-05
1. 01574E-04
1.58724E-04
I 2.01052E-04
C; 2.28576E-04
~ 3.11129E-04
4.06383E-04
5.14338E-04
6.34994E-04
7.68:l49E-04
9.14405E-04
1.07316E-03
1.24461E-03
1. 42877E-03
1.62562E-03
1. 83517E-03
2.05741E-03
2.29236E-03
2.54000E-03
2.54000E-03
2.73050E-03
2.92100E-03
3.11150E-03
3.30200E-03
9.57720E+Ol
8.19903E+Ol
6.96307E+Ol
5.86148E+Ol
4.88641E+Ol
4.03002E+Ol
3.57800E+Ol
3.28445E+Ol
2.64186E+Ol
2.09441E+Ol
l.63425E+Ol
l.25353E+Ol
9.44413E+OO
6.99043E+OO
5.09578E+OO
3.68l71E+OO
2.66977E+OO
1.98l49E+OO
l.5384lE+OO
1.26206E+OO
l.07399E+OO
8.95740E-Ol
8.95740E-Ol
9.39642E-Ol
9.73l17E-Ol
9.97l24E-Ol
l.Ol263E+OO
O.OOOOOE+OO
7.42849E+OO
1. 33666E+Ol
1. 83212E+Ol
2.23985E+Ol
2.57005E+Ol
2.83245E+Ol
3.03628E+Ol
3.l9023E+Ol
3.30248E+Ol
3.38078E+Ol
3.43255E+Ol
3.46498E+Ol
3.48526E+Ol
3.50073E+Ol
3.5l9l6E+Ol
3.5l9l6E+Ol
3.5l62lE+Ol
3.514l2E+Ol
3.51280E+Ol
3.5l2l7E+Ol
O.OOOOOE+OO
6.83100E-06
2.73240E-05
6.l4790E-05
1.09296E-04
1. 70775E-04
2.45916E-04
3.34719E-04
4.37l84E-04
4.40376E-04
5.53311E-04
6.83100E-04
8.26551E-04
9.83664E-04
l.15444E-03
l.33888E-03
l.53698E-03
l.74874E-03
1.97416E-03
2.21324E-03
2.46599E-03
2.73240E-03
2.73240E-03
2.93733E-03
3.14225E-03
3.34718E-03
3.55211E-03
1. 47950E+02
l.28243E+02
1.10333E+02
9.41363E+Ol
7.95716E+Ol
6.65566E+Ol
5.50089E+Ol
4.48463E+Ol
3.59866E+Ol
3.57800E+Ol
2.83476E+Ol
2. 18470E+Ol
1. 64025E+Ol
l.19321E+Ol
8.35336E+OO
5.58413E+OO
3.54218E+OO
2.l4525E+OO
1. 31114E+OO
9.57594E-Ol
1. 00239E+OO
1. 36330E+OO
1. 3633 OE+OO
1. 46447E+OO
1. 546'!3E+OO
l.60999E+OO
1.65773E+OQ
O.QOOOOE+OO
1.15181E+Ol
1. 74291E+Ol
2.23229E+Ol
2.62919E+Ol
2.94251E+Ol
3.18086E+Ol
3.35255E+Ol
3.46!?64E+Ol
3.52800E+Ol
3.54737E+Ol
3.53142E+Ol
3.48788E+Ol
3.48788E+Ol
3.49726E+Ol
1.506.62E+Ol
3.51454E+Ol
3.52023E+Ol
Table 5.6. Strain energy density
with 01 = 400 MPa (a
o
cm) - (continued).
function versus distance for Case IIAiii
= 2.54 cm) and 04 = 520 MPa (a3 = 2.732
d\~/ dV *(dW/dV)cdW/dV
04 = 520 MPa (a3 = 2.732 cm)
Energy Density (MPa)Rad i a1
Distance
r (m)*(dH/dV)c
Energy Density (MPa)
(a
o
= 2.54 cm)01 = 400 MPa
Radial
Di stance
r (m)
3.49250E-03
3.68300E-03
3.87350E-03
4.06400E-03
4.25450E-03
4.4450QE-03
I 4.63 550E-03
c; 4. 82600E-03
f" 5. 01650E-03
5.20700E-03
5.39750E-03
5.58800E-03
5.77850E-03
5.96900E-03
6.15950E-03
6.35000E-03
1.02059E+OO
1. 02196E+OO
1.01772E+OO
1.00882E+OO
9.96220E-Ol
9.80886E-Ol
9.63777E-Ol
9.45856E-Ol
9.28085E-Ol
9.11424E-Ol
!3.96835E-Ol
8.85280E-Ol
8.77720E-Ol
8.75118E-Ol
8.78434E-Ol
8.88630E-Ol
3.51214E+Ol
3.51264E+Ol
3.51359E+Ol
3.51492E+Ol
3.51654E+Ol
3.51839E+Ol
3.52038E+Ol
3.52246E+Ol
3.52453E+Ol
3.52654E+Ol
3.52840E+Ol
3.53004E+Ol
3.53141E+Ol
3.53241E+Ol
3.53299E+Ol
3.53308E+Ol
3.75705E-03
3.96198E-03
4.16691E-03
4.37184E-03
4.57678E-03
4.78171E-03
4.98'664E-03
5.19157E-03
5.39649E-03
5.60142E-'03
5.80634E-03
6.01126E-03
6.21617E-03
6.42109E-03
6.62600E-03
6.83090E-03
1. 69106E+OO
1. 71168E+OO
1.72128E+OO
1. 72157E+OO
1. 71424E+OO
1. 70099E+OO
1.68353E+OO
1. 66354E+OO
1. 64273E+OO
1.62279E+OO
1.60543E+OO
1.59234E+OO
1.58523E+OO
1. 58578E+OO
1.59571E+OO
1. 61670E+OO
3.52334E+Ol
3.52391E+Ol
3.52221E+Ol
3.51867E+Ol
3.51381E+Ol
3.50816E+Ol
3.50222E+Ol
3.49644E+Ol
3.49116E+Ol
3.48666E+Ol
3.48314E+Ol
3.48073E+Ol
3.47956E+Ol
3.47980E+Ol
3.48172E+Ol
3.48579E+Ol
sity with distance ahead of the crack are shown in Figures 5.31 and
5.32. As before, r l and r~ are determined from the critical value of
*(dW/dV)c in relation to the local stress/strain/distribution as re-
flected through dW/dV. The same applies to r 4 and r~ in Figure 5.32
where the overshoot r~ is much larger than r~ in Figure 5.31. More
excess energy is available as the crack approaches instability, a phe-
nomenon that is familiar to the experimentalists. Displayed graphi-
cally in Figures 5.33 and 5.34 are the dW/dV contours for 01 = 400 MPa
and in Figures 5.35 and 5.36 for 04 = 520 MPa. The distribution of
dW/dV around the crack tip possesses the same behavior. All of the
contours tend to surround the location of concentrated energy density
and their intensity increases with decreasing distance to the crack.
At the crack tip region, (dW/dV)min exceeds 140 MPa as indicated in
Figures 5.34 and 5.36. This is beyond the critical value for the Type
II material and hence failure is predicted.
5.2 Specimen Size Effect
Specimen size effect can be determined by varying the VIA ratio as
specified in Table 4.1 and fixing the loading step bo = 20 MPa for a
given material, say Type II, the mechanical and fracture properties of
which can be found in Table 4.2. The three cases to be examined are
thus IIAii, IIBii and IICii. ,Refer to Table 4.6 for the applied loads
P and Table 4.7 for the sub-load steps.
SR-CLL'~L\)c.,S. Plots such as that in Figure 2.7 are made so that r j
*and r~ can be determined knowing the value of (dW/dV)c = 19.8 MPa.
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Figure 5.31. Variation of strain energy density function
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= 2.54 cm and 01 = 400 MPa.
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Figure 5.36. Enlarged strain energy density contours in elements 1 and 2 for case IIAiii
with crack size a3 = 2.732 em and 04 = 520 MPa.
They are added onto
amount of overshoot
*r
o
for obtaining r j as given in Table 5.7. The
r~ is found to increase with increasing VIA ratio.
J
That is, more excess energy is available in the larger plates, a re-
sult that would be expected on physical grounds. Table 5.8 gives the
*strain energy density factor Sj defined in equation (2.10) which rep-
resents the sum of So' Sj and sj while sj stands for the portion due
to overshoot of the jth crack growth increment. Displayed in Figure
*5.37 are variations of Sj with 6a j = aj - aj _l for j > 1. When j = 1,
6a = 0 as given in Table 5.8. The three lines in Figure 5.37 for VIA
= 0.247, 0.308 and 0.370 cm are known as the SR-curves. They have the
same slope 6S;/6a j = const. Insertion of the line Sc = 19 x 103 Pa·m
gives the amount of subcritical crack growth before the critical con-
dition of rapid crack propagation is reached. The specimen with the
larger volume to surface area ratio would reach instability with the
least amount of stable crack growth.
*be found in Tables 5.9 for r j and 5.10 for
The slopes of the SR-curves in Figure 5.38
The data on crack growth without taking overshoot into account can
* 0 0S. where r. and S. are zero.
J J J
are decreased considerably
when compared with those in Figure 5.37 when r~ and S~ are not zero.
J J
More stable crack growth is predicted when overshoot is neglected.
Such a result would be expected because large segments of crack growth
would correspond to more brittle behavior. More specifically, the in-
fluence of overshoot on the stable crack growth segment Lac before
reaching the onset of rapid fracture can be seen from the data in Table
5.11. Predictions made without overshoot are not conservative because
the values of ~ac is overestimated.
-112-
Table 5.7. Crack growth segments w~h ov~hoo~ for Cases IIAii,
IIBii and IICii as specimen size is varied with 60
= 20 MPa and r
o
= 10-2 cm.
Load Crack growth segments x 10- 2 (cm)
Step 0 *No. r. r. r·J J J
Case IrAi i
(VIA = 0.247 cm)
1 3.40 0.328 / 4.7282 4.0 0.591 5.591
3 4.5 0.910 6.419
4 5.1 1 .374 7.474
5 5.78 2.162 8.942
6 6.6 2.912 10.512
7 7. 14 3.889 12.029
Case IIBii
(VIA = 0.308 cm)
1 4.5 0.581 6.081
2 5. 1 0.939 7.039
3 5.95 1.515 8.465
4 6.7 2.172 9.872
5 7.4 2.939 11 .339
Case II Ci i
(VIA = 0.37 cm)
1 5.30 0.934 7.234
2 6.40 1.414 8.314
3 7.38 2.316 10.696
4 8.20 2.934 12. 134
CrL-U-ic.a1. C'ta.c.I~ S.-tzc- a.nd S-t-'tc-,.'>-6. Knowing the values of Da
c
in Ta-
ble 5.11, the critical crack length a
c
for each VIA can be obtained
from a knowledge of the initial crack size ao ' i.e., ac = ~a + ao ·
The ratio a Ic with c being the half plate width in Fi~ure 4.1 is
c
plotted as a function of VIA in Figure 5.39. The upper and lower curve
correspond, respectively, to the results with and without overshoot.
Plates with high VIA l"atio have smaller nOl111alized critical crack
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Table 5.8. Strain energy density factor and crack growth data w~th oVeMhoo.t
for Cases IIAii, IIBii and IICii as specimen size is varied with
60 = 20 MPa and S~ = 1.98 x 103 Pa·m.
v
Load Preceding Growth Energy Density Factor x 103 Pa'm
Step Crack Size Segment
*No. a. 1 (cm) lIa j x 10-
2 (cm) S. S~ S.J- J J J
Case IIA i i
(VIA - 0.247 cm)
1 2.540 0 6.732 0.65 9.362
2 2.587 4.728 7.92 1.17 11 .070
3 2.643 10.319 8.90 1.82 12.710
4 2.707 16.738 10.10 2.72 14.799I
-J 5 2.782 24.212 11.44 4.28 17.705
-J
+::0 6 2.872 33. 153 13.07 5.77 20.814I 7 23.8172.977 43.665 14.14 7.70
Case IIBii
(VIA = 0.308 cm)
1 3.175 0 8.910 1. 15 12.04
2 3.236 6.081 10.098 1.86 13.938
3 3.306 13. 120 11 . 181 3.00 16.761
4 3.391 21.585 13.266 4.30 19.541
5 3.490 31.451 14.652 5.82 22.452
Case IICi i
(VIA = 0.37 cm)
1 3.810 0 10.494 1.85 14.324
2 3.885 7.534 12.672 2.80 17.452
3 3.935 16.348 14.612 4.585 21 .177
tJ. 4.080 27.044 16.236 5.810 24.026
j
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Figure 5.370 Crack grO\'Jth resi stance curves w.cth O\)C."v!l/lOot
for Type II material and 60 = 20 MPa as VIA
is varied.
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Table 5.9. Crack growth segments without ov~hoot
for Cases IIAii, IIBii and IICii as
specimen size is varied with ~o = 20 MPa
-2and r
o
= 10 cm.
Load Crack
. 2
growth segments x 10- (cm)
Step
*No. r. r·J J
Case IIAi i
(VI A = 0.247 cm)
1 3.4 4.4
2 3.9 4.9
3 4.5 5.5
4 5.1 6.1
5 5.7 6.7
6 6.44 7.44
Case IIBi i
(VIA = 0.308 cm)
1 4.5 5.5
2 5. 1 6.1
3 5.9 6.9
4 6.6 7.6
5 7.35 8.35
Case IIC i i
(VIA = 0.370 cm)
1 5.3 6.3
2 6.35 7.35
3 7.1 8.1
4 8.1 9.1
5 9.0 10.0
length and lower a Ic values are predicted when overshoot is included
c
making the prediction more conservative. Summarized in Table 5.12 are
the numerical values of ac/c. The same conclusions can be drawn from
the variations of the critical applied stress with VIA as in Figure
5.40. Higher stresses could be applied to specimens with smaller VIA
ratio before crack growth becomes unstable. According to the data in
Figure 5.40 and Table 5.13, crack growth estimated with overshoot gives
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Table 5.10. Stra i n energy dens ity factor and crack growth da ta wLthou;t ovvwlwot
for Cases IIAii, IIBii and IICii as specimen size is varied with ~a
= 20 MPa and So = 1.98 x 103 Pa·m.
Load Preceding Growth Energy Density Factor x 103 Pa·m
Step Crack Size Segment
*No. a. 1 (em) ~aj x 10- 2 (em) S. S.J- J J
Case IIAii-
(VIA = 0.247 em)
1 2.540 0 6.732 8.712
2 2.584 4.4 7.722 9.702 -
3 2.633 9.3 8.910 10.890
4 2.688 14.8 10.098 12.028I
-----' 5 2.749 20.9 11 .286 13.266
-----'
'.I 6 2.816 27.6 12.751 14.731I Case IIBii
(VI A = 0.308 em)
1 3.175 0 8.910 10.890
2 3.230 5.5 10.098 12.078
3 3.291 11 .6 11 .682 13.662
4 3.360 18.5 13.068 15.048
5 3.436 26.1 14.553 16.533
Case IICi i
(VIA = 0.370 em)
1 3.81 0 10.494 12.424
2 3.873 6.3 12.573 14.553
3 3.947 13.65 14.053 16.038
4 4.028 21 .75 16.038 18.018
5 4.119 30.85 17.820 19.800
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Table 5.ll. Stable crack growth before critical state for !:.o
= 20 MPa and material Type I I w-i..-th an.d wL:thout
oVeJL6hoo;t.
Growth Stab1e crack growth before critical !:.a
c (cm)Condition
VIA = 0.247 cm VIA = 0.308 cm VIA = 0.370 cm
Overshoot 0.285 0.206 0.121
No Overshoot 0.471 0.369 0.263
Tabl e 5.12. Normalized critical crack length for different
specimen size wL:th an.d w~hout oVeJL6hoot.
Normalized critical crack length aclcSpecimen
Size
VIA (cm)
0.247
0.308
0.370
Overshoot
0.2224
0.21297
0.2064
No Overshoot
0.2371
0.2232
0.21382
Table 5.13. Critical applied stress for different specimen
si ze w-i..-th and wdfwut ovefLOhoo;t.
Critical stress 0c (r·1Pa)Specimen
Size
VIA (cm)
0.247
0.308
0.370
a lower critical stress.
Overshoot
489.59
457.67
430.36
No Overshoot
598.21
508.42
470.00
Presented in Figure 5.41 are the variations of the load P with
*crack growth segment r j in Table 4.6 for Cases IIAii, IIBii and IICii
corresponding to ~G = 20 MPa and material Type II. As expected, crack
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oSj and Sj can be computed
tions (2.10) can be found.
would grow more at a given load with overshoot. The effects become
more pronounced with increasing VIA ratio. A knowledge of this trend
could assist in a better unaerstanding of the fracturing data that are
affected by overshoot in crack growth.
5.3 Change in Load Step
Now if the same specimen size with VIA = 0.247 cm and material Type
II are used, the load step can be varied as in Table 4.3 to study how
Toading rate would affect crack growth. The three cases to be con-
sidered are IIAi, IIAii and IIAiii with data for IIAii being already
presented in Section 5.2 and given in Tables 5.7~to 5.10 inclusive.
By following the same method of solution, the quantities r., r~,
J J
* *for each load step so that r j and Sj in
Refer to Tables 5.14 and 5.15 for the
-2
responding numerical values. Note that r o = 10 cm and So = 1.98
x 103 Pa·m in equations (2.10) are the same for all cases. Figure 5.42
*gives a plot of Sj against aj from the numerical data in Table 5.15.
The three curves for t:,a = 10, 20 and 40 r-1Pa wah ovc.A__6hcot have differ-
ent slopes and they meet at a common point. For Type II material with
,.- * 3S = 19 x 10 Pa·m, it is seen that the specimen would fracture at a
c
smaller crack length when the loading step is increased. This tenden-
cy again confirms the experimental observation. The same applies to
the data in Tables 5.16 and 5.17 when overshoot is left out or r~ and
S~ are both zero. Figure 5.43 provides a graphical representation of
the SR-curves. -1 *The slopes of these curves given by tan ('::"Sj!La j ) al~e
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Table 5.14. Crack growth segments ~h ov~hoo~ for Cases IIAi,
IIAii, IIAiii as load steps are varied with VIA
-2
= 0.247 cm and r
o
= 10 cm.
Load Crack growth segments x 10- 2 (cm)
Step
0 *No. r. r. r.
J J J
Case IIA i
(l.lO = 10 MPa)
1 3.40 0.328 4.728
2 3.62 0.465 5.085
3 4.10 0.596 5.696
4 4.44 0.780 6.220
5 4.85 1. 136 6.986
6 5.20 1.376 7.576
7 5.60 1 .726 8.326
8 6.05 2.086 9.136
9 6.60 2.702 10.302
Case IIAii
(L1o = 20 MPa)
Same as the seven (7) steps given in Table 5.7.
Case IIAiii
( L10 = 40 ~1Pa)
1 3:40 6.328 4.728
2 4.35 0.863 6.213
3 5.44 1.856 8.296
4 6.45 3.263 10.713
less than those in Figure 5.42 as given in Table 5.18. A comparison
of the results can be found in Figure 5.44. Larger critical crack
length is thus predicted when overshoot is excluded. This is consis-
tent with the earlier discussion on the effect of specimen size.
C~,--Lt{c.al. C~cad. S.<.:c. and St~cc..~~. As the load is increased \vith
larger increments, the critical size corresponding to rapid fracture
initiation would decrease. This is shown in Figure 5.45 regardless of
whether overshoot is included in the analysis or not. Again, for a
given load increment a without overshoot is larger than that with
c -124-
Table 5.15. Stra in energy dens ity factor and crack growth data (,'JLt{t oveJt.6hoot .
for Cases IIAi, IIAii, IIAiii as load steps are varied with VIA
= 0.247 cm and S = 1.98 x 103 Pa·m.
_._~---_._----_.
0
'\
Energy density factor x 103 Pa'mLoa-a Preceding Growth
Step Crack Size Segment
*No. a. 1 (cm)
-2 ( s. S~ S.J- lla j x 10 cm) J J J
Case IIAi
C\cr = 10 ~1Pa )
1 2.540 0 6.732 0.650 9.362
2 2.587 4.728 7.168 0.920 10.067
3 2.638 9.813 8.118 1.180 11 .278
4 2.695 15.509 8.791 1.545 12.316
5 2.757 21 .729 9.603 2.250 13.833
I 6 2.827 28.715 10.296 T 2.724 15.000.-'
N 7 2.903 36.291 11 .088 3.418 16.486c.n
I
8 2.986 44.617 11 .979 4.130 18.089
9 3.078 53.753 13.068 5.350 20.3Q8
Case IIAii
(60 = 20 MPa)
Same as the seven (7) steps given in Table 5.8.
Case IIAiii
-- (-~--~---,~G = 40 MPa)
1 2.540 0 6.732 0.650 9.362
2 2.587 4.728 8.613 1.709 12.302
3 2.649 10.941 10.771 3.675 16.426
4 2.732 19 ..237 12.771 6.460 21.211
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Figul"e 5.42. Crack gl"o\'lth l"esistance CUl"VeS (cLth C\'Cd/lcot
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Table 5.16. Crack growth segments ~hout ov~hoot for Cases IIAi,
IIAii and IIAiii as load step 60 is varied with VIA
-2
= 0.247 cm and 0 0 = 10 cm.
Crack growth segments x 10-2 (cm)Load
Step
No.
IrAi
~= 10 MPa)
1
2
3
4
r.
J
3.4
3.7
4.0
4.3
*r·J
4.4
4.7
5.0
5.3
IrA i i
( 60 = 20 r~Pa )
Same as data in Table 5.9 for the six (6) load steps.
IrAiii
( 60 - 40 r~Pa)
1
2
3
4
3.4
4.4
5.35
6.36
4.4
5.4
6.35
7.36
overshoot. The precise difference can be found/in Table 5.19. The two
curves in Figure 5.46 correspond to the increase in critical stress
with load increment 60. That is, a cracked plate would fracture at a
lower load if large load steps are taken. The curve with no overshoot
are extrapolated from the dotted portion of the curves in Figure 5.43.
Overshoot again lowers the critical stresses as the solid curve in Fig-
ure 5.46 is below the dotted curve for all stress increments.
Illustrated in Figure 5.47 are the effects of overshoot on the ap-
plied load versus crack gl"owth relation for the Type II material with
VIA = 0.247 cm as the stress increment ~c is varied. For ~0 = 10 and
20 MPa, the difference is not significant. But when ~0 is increased to
-128-
Table 5.17. Strain energy density factor and crack growth data
w~hout ove~6hoo~ for Cases IIAi, IIAii and IIAiii
as load step ~a is varied with VIA = 0.247 cm and
S = 1.9S x 103 MPa.
o
Energy Density Factor x 103 Pa'mLoad
Step
No.
Half
Crack Length
a j (cm) S.J *S.J
8.712
9.306
9.900
10.494
6.732
7.326
7.920
8.514
2.540
2.584
2.631
2.681
Case IrA i
(t.a = 10 MPa)
1
2
3
4
Case IrA i i
(t.a = 20 MPa)
Same as data in Table 5.10 for the six (6) load steps.
Case IrA iii
(t.a = 40 MPa)
1
2
3
4
2.540
2.584
2.638
2.702
6.732
8.712
10.593
12.593
S.712
10.692
12.573
14.573
Table 5.18. Influence of overshoot on slopes of SR-curves for
Type II material with VIA = 0.247 cm as load step
t.a is varied.
Crack Slope (deg. )
Growth
Behavior 60 = 10 r'lPa fio = 20 ~1Pa fio = 40 ~1Pa
Ovel~shoot 44.5° 59.0° 72. 0°
No Overshoot 32.5° 48.0° 62.0°
40 MPa, the crack growth segment at P = 66.9 x 104 N increased from r~
= 0.0715 cm to 0.165 cm when overshoot is taken into account. This is
an increase of 2.31 times. Overshoot becomes increasin01y more impor-
tant as the load increment is increased because there would be more
-129-
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Table 5.19. Effect of overshoot on critical crack size for Type II
material and VIA = 0.247 cm as load step ~o is varied.
Crack
Growth
Beha vi or
Overshoot
No Overshoot
Critical hal f crack length ac (cm)
~o = 10 MPa ~o = 20 MPa ~o = 40 MPa
3.021 2.825 2.695
3.360 3.020 2.820
Table 5.20. Influence of overshoot on critical stress for Type II
material and VIA = 0.247 cm as load step ~o is varied.
Critical stress 0c (MPa)Crack
Growth
Behavior
Overshoot
No Overshoot
(Extrapolated
Da ta)
~O = 10 MPa
473.81
564.40
~O = 20 MPa
489.59
598.21
~O = 40 MPa
501.98
594.38
excess energy above and beyond that required to fracture the material
at a continuous rate.
5.4 Change in Material Properties
The mechanical and fracture properties of a material are known to
influence the crack growth behavior. At the continuum level, it suf-
fices to consider to specify the yield strength and fracture toughness
as outlined in Table 4.2 for the three types of material referred to as
I, II and III. The loading step shall be kept at DO = 20 t'iPa fOl~ a
specimen with VIA = 0.247 cm. Examined would be the three cases IAii,
IIAii and IIIAii where the data for case IIAii can be found in Section
5.2.
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* *Summarized in Tables 5.21 and 5.22 are the results for r. and S.
J J
showing the effect of overshoot as influenced by change in the material
type. Figure 4.2 gives the stress and strain curves for the three dif-
ferent materials considered. Type I has the highest yield strength
and lowest (dW/dV)c while the opposite holds for the Type III material.
A graphical display of the results in Table 5.22 is given in Figure
is plotted against a j . The three curves correspond to
I, II and III, each having a different slope
*5.47 where Sj
material type
-1 *tan (~Sj/~aj).
in Table 4.2, the
*Knowing the relation in equation (2.9) with (dW/dV)c
* *values of r c can be computed once Sc is determined
from Klc using equation (2.12) and they are given in Table 5.23. The
tougher material labelled I can sustain more stable crack growth and
hence delay the onset of rapid fracture. The same trend can be seen
from the data in Tables 5.23 and 5.24 without overshoot and/or the
curves plotted in Figure 5.~9. The slopes of the SR-curves, however,
are less than those in Figure 5.48 when overshoot is included. This
is summarized graphically in Figure 5.50. Since ~a and VIA for each
material in Figures 5.48 and 5.49 are the same, the critical half crack
length a
c
should be the same with or without overshoot. That is, for
Type I material, the same a
c
= 2.907 cm yields S: = 25 x 103 Pa·m with
overshoot in Figure 5.48 and S: = 21.92 x 103 Pa·m without overshoot in
Figure 5.49. The same applies to Type II and III material having ac
*
= 2.825 and 2.784 cm, respectively. Values of Sc in Table 5.24 are
*thus determined. Because (dW/dV)c is material specific, the critical
*ligament size r c would be affected by overshoot.
*A lower value of r c
is predicted in Table 5.23 if overshoot is neglected.
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Table 5.21. Crack growth segments ~h ov~hoo~ for Cases
IAii, IlAii and IIlAii as material is altered
with ~o = 20 MPa and VIA = 0.247 cm (r
o
~ 10- 2 cm).
Crack growth segments x 10- 2 (cm)Load
Step
No. r.
J
or.
J
*r.
J
3.08
3.60
4.206
4.930
5.683
6.788
7.937
9.105
11.072
o
o
0.066
0.180
0.383
0.788
1.237
1.805
2.872
2.08
2.60
3. 14
3.75
4.30
5.00
5.70
6.30
7.20
Case IAii
(Material I)
1
2
3
4
5
6
7
8
9
Case IIAii
(r~aterial II)
Same as data in Table 5.7 for the seven (7) load steps.
Case IIIAii
(Haterial III)
1
2
3
4
5
6
4.54
5. 15
5.88
6.68
7.55
8.30
1.792
2.782
3.857
5.014
6.493
8.254
7.332
8.932
10.737
12.694
15.043
17.594
cutzca£ C'Ladz Lc-J1gt:fl and s-t·U?./S~S. Ba sed on the known trade-off be-
tween the yield strength 0ys and critical energy density (dW/dV)c in
Table 4.2, it suffices to examine how the critical crack length would
be affected by the resistance of the material to fracture. For fixed
*values of 60 and VIA, ac would depend only on (dW/dV)c or (dW/dV)c.
Figure 5.51 shows that a
c
increases with (dW/dV)c' a result that is not
unexpected. The same applies to the critical stresses given in Figure
5.52. Numerical values of ac and DC for the three materials in Table
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Table 5.22. Stl'ain energy density factor and crack growth data wLtlt ove.Mhoo,t
for Cases IAii, IIAii and IIIAii as material is altered with 60
"
= 20 MPa and VIA = 0.247 em. (Sc = 1.98 x 103 Pa·m).
La"ad Preceding Growth Energy Density Factor x 103 Pa·m
Step Crack Size Segment
*No. a. 1 (em) 6a j x 10-
2 (em) S. S~ SjJ- J J
Case IAi i.--
(Material I)
1 2.540 0 5.533 0 8.193
2 2.5708 3.080 6.916 0 9.576
3 2.6068 6.680 8.352 0.176 11 .3'18
4 2.6489 10.886 9.975 0.486 13.115
I 5 2.6982 15.,816 11.438 1.020 15.118
-'
w 6 2.7550 18.055 13.300 2.095 18.055
-....J
I 7 2.8229 21 . 112 15. 162 3.290 21. 112
8 2.9022 24.218 16.758 4.80 24.218
9 2.9933 29.452 19. 152 7.640 29.'152
Case IIAii
(~1a t eria 1 I I)
Same as data in Table 5.8 for the seven (7) load steps.
Case IIIAii
(Material III)
1 2.540 0 6.356 2.509 10.265
2 2.6133 7.332 7.210 3.895 12.505
3 2.7026 16.264 8.232 5.400 15.032
4 2.8100 27.001 9.352 7.020 17.772
5 2.9369 39.695 10.570 9.090 21.060
6 3.0874 54.740 11 .620 11. 555 24.631
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Figure 5.48. Cl"aek gl"O\oJth l"esistanee eUI"VeS (cUll O\'c-"'.!Jlloot
for ~a = 20 MPa and VIA = 0.247 em while ma-
tel"ial is altered.
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Table 5.23. Critical ligament size at onset of fracture
with ov~hoo~ for 60 = 20 MPa and VIA
= 0.247 em.
Material
Type
I
II
III
Energy Density
S: x 103 (Pa·m)
25
19
17
Critical Ligament
*r c (cm)
0.094
0.096
0.120
Tabl e 5.24. Crack growth segments without ov~hoo~ for Cases
IAii, IIAii and IIIAii as material is altered with
. 2
60 = 20 MPa and VIA = 0.247 cm (r
o
= 10- cm).
-2Crack growth segments x 10 (cm)Load
Step
No. r·J
*r.
J
2.08
2.60
3.14
3.70
4.30
5.00
Case IA i i
(Ma t eria1 I)
1
2
3
4
5
6
Case IIAi i
(r~aterial II)
Same as data in Table 5.9 for the six (6) load steps.
3.08
3.60
4. 14
4.70
5.30
6.00
Case IIIAii
(Matel~ial III)
1
2
3
4
5
6
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4.54
5.10
5.60
6.30
7.22
7.80
5.54
6.10
6.60
7.30
8.22
8.80
Table 5.25. Stra in energy dens i ty factor and crack growth data wdlwu.t ove.Mfwot
for Cases IAi i, IIAi i and IIIAi i as material is varied with lJo = 20
MPa and VIA = 0.247 cm (S = 1.98 x 103 Pa·m).
c
.-----
Energy Density Factor x 103 Pa'mLoad Preceding Growth
Step Crack Size Segment
*No. a. 1 (cm) - 2 ( S. S.J- lJa j x 10 Clll) J J
_.~_._-_.~
Case IA i i~
(~la t eria 1 I)
1 2.5400 0 5.533 8.193 -
2 2.5708 3.08 6.916 9.576
3 2.6068 3.60 8.352 11 .012
4 2.6482 4.14 9.842 12.502
I 5 2.6952 4.70 11 .438' 14.098.......
+::- 6 2.7482 5.30 13.300 15.9600
I
Case IIA i i
(Material II)
Same as data in Table 5.10 for the six (6) load steps.
Case I IIAi i
(Material III)
1 2.5400 0 6.356 7.756
2 2.5954 5.54 7.140 8.540
3 2.6564 6.10 7.840 9.240
4 2.7224 6.60 8.820 10.220
5 2.7954 7.30 10.108 11 .508
6 2.8776 8.22 10.920 12.320
Material I
/
/
/
/
/s* = 21.92 x 10
3 Pa·m
c
/
/ /
/ /
/ / ./III
/
./
3 / / ./14.96 x 10
./
./
./
./
30
E 25.
ro
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x
-+:~"""20
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u
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J
Figure 5.49. Cl'ack gl'owth resistance CUI'ves U:LtflOlLt ovc/ts{wct
for ~0 = 20 MPa and VIA = 0.247 c~ while material
is altel'ed.
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Figure 5.50. Influence of overshoot on slope of SR-curves
for ~0 = 20 MPa and VIA = 0.247 cm.
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Figure 5.51. Critical crack length versus critical enerqy
density for ~0 = 20 MPa and VIA = 0.247 cm
regardless of overshoot.
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Figure 5.52. Critical stress versus critical energy density
for 60 = 20 MPa and VIA = 0.247 cm regardless
of overshoot.
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Table 5.26. Critical crack length and stress for ~o = 20 MPa
and VIA = 0.247 cm as material is changed regard-
less of overshoot.
Material Critical Criti ca 1
Type Crack Size Stress
a
c
(cm) o (MPa)
c
I 2.907 541.20
II 2.825
-
489.59
III 2.784 I 455. 16
4.2 are given in Table 5.26.
The six curves in Figure 5.53 exhibit the influence of overshoot
on the relation between applied load and crack growth. Note that the
*difference on r j for crack growth with and without overload is less
for the tougher material. This trend should prevail for other load in-
crements and VIA ratios.
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Figure 5.53. Effect of overshoot on anplied load versus
crack gro\'lth fOI" DO = 20 ~'Pa and VIA = 0.247
em.
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VI. CONCLUSIONS AND FUTURE WORK
Analytical modelling of the crack growth process involves a knowl-
edge of how the material dissipates the stored energy that could in-
volve free crack surface, plastic deformation, sound, etc. Each in-
dividual mechanism of energy dissipation is not only a time dependent
process but the amount would alter from location to location, making
the process a very complex phenomenon. From the viewpoint of engi-
neering application, it is desirable to design the load bearing compo-
nents such that they are tolerant to damage by crack initiation and
growth. Sufficient warning should be provided before failin0 cata-
strophically. A primary concern would, therefore, be to stabilize the
energy release process by optimizing the interaction of load, component
geometry and material. Although much has already been done in previous
works [8-27J, there remains the additional concern on the effect of
crack growth overshoot arising from the unavoidable situation of load-
ing the material elements beyond their critical limits of failure.
This is well known in thermodynamics that the process of mechanical
loading becomes increasingly more inefficient as larqer and larger
loading steps are taken in contrast to increasing the load by s~all in-
crements that would in the limit aporoach a reversible process if these
increments are made infinitesimal. An objective of this work is to ex-
amine how the crack growth behavior would be affected if the available
release energy is in excess of that required to drive the crack. This
would result in an overshoot of crack growth depending on the material
type, specimen geometry and loading rate. Such an effect if not ac-
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counted for in the analysis would lead to unconservative predictions.
Concluded from the present investigation are the following:
o The amount of subcritical crack growth decreases with increasing
specimen size and could be overestimated by a factor of two (2) if
overshoot in crack growth is not taken into account.
g Smaller critical crack length is ~redicted when load increment is
increased and overshoot is included in the analysis.
o Tougher material could sustain a larger size crack before frac-
ture instability. The critical load to trigger fracture increases with
increasing fracture toughness but would be less if overshoot is con-
sidered.
The phenomenon of crack growth overshoot being an inherent part of
numerical modelling can often be observed as intermittent markings on
the fracture surface. The spacing of these markings would depend on
the loading steps and the amount of overload as indicated in Figure
6.1. In general, the critical load er
c
corresponding to the onset of
cr ackin it i a t ion \'10 u1d dependon the spec i men stiffnessthat chan qes
\'Iith the crack size and plastic defomation. That is, each point on
the failure envelop in Figure 6.1 corresponds to a different crack
length. The stiffer specimen \'Iould have smaller cracks pertaininq to
the envelop \'lith positive slope while the softer specimen \'lith larqer
cracks to the negative slope. It is necessary to load the specimen
beyond the critical point c, say to c', in order to initiate crack
The difference between a and a is the ovel'load \'Ihich \·:ould
o c
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Figure 6.1.
Equivalent uniaxial strain
Overload of a cracked specimen with nonlinear
response.
crack size.
be the excess energy in addition to that of overshoot. Data scatter
is known to increase with increasing specimen stiffness because (a -a )
o c
would increase accordingly. For each of the seven (7) independent
cases in Table 4.5, a failure enveloD could be developed by varyinq the
The difference between a and a could be established to
o c
better understand how overshoot and overload affect test data. This
would require additional work and could be done in the future.
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